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Abstract
We study the relationship between knots in contact three-manifolds and complex
curves in Stein surfaces. To do so, we extend the notion of quasipositivity from clas-
sical braids to links that are braided with respect to an open book decomposition of
an arbitrary closed, oriented three-manifold. Our main results characterize the trans-
verse links in Stein-fillable contact three-manifolds that bound smooth holomorphic
curves in Stein fillings. This characterization is made possible by new techniques in
the theory of characteristic and open book foliations on surfaces in three-manifolds.
We also explore the Seifert genera of cross-sections of complex plane curves, minimal
braid representatives of quasipositive links, and the relationship between Legendrian
ribbons in contact three-manifolds and strongly quasipositive braids with respect to
compatible open books.
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Chapter 1
Introduction
The motivating theme of this thesis is the interplay between knot theory in contact
3-manifolds and holomorphic curves in Stein surfaces. At the heart of this study is the
theory of braids, and this perspective illustrates deep connections between geometry
and various notions of positivity in mapping class groups. The techniques used in this
analysis are primarily drawn from Morse theory and the theory of singular foliations
on surfaces in open books and contact 3-manifolds.
We begin by setting the stage with a brief history of these ideas in Section 1.1,
followed by a summary of some of our main results in Section 1.2 and a roadmap for
the organization of the thesis in Section 1.3.
1.1 A little history
The classification of knots in the three-sphere S3 was among the first problems to
be studied by early topologists, including Heinrich Tietze, Max Dehn, James W.
Alexander, and Kurt Reidemeister. As pointed out by the mathematician and histo-
rian Moritz Epple, much of this was motivated by the study of holomorphic functions
and singular points of complex plane curves. Of particular importance were alge-
braic links (or links of singularities), the links obtained as transverse intersections
1
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V ∩ S3 (p), where p is an isolated singular point on an algebraic curve V ⊂ C2 and
S3 (p) is a round sphere of small radius  > 0 centered at p. Such links are naturally
represented by positive braids, i.e. products of the standard positive Artin generators
σi of the braid group.
The knot-theoretic investigation of complex curves was remade in the early 1980’s.
In a 1983 paper, Lee Rudolph introduced quasipositive links in S3, defined in terms of
special braid diagrams: A braid is quasipositive if it is a product of conjugates wσiw−1
of the standard positive generators of the braid group; a link is called quasipositive if
it has a quasipositive braid representative. In the same paper, Rudolph showed that
any quasipositive link can be obtained as the transverse intersection of an algebraic
curve in C2 with the unit sphere. He also conjectured a strong form of the converse:
the transverse intersection of any holomorphic curve in C2 with a round 3-sphere
yields a quasipositive link. His conjecture was confirmed by Michel Boileau and
Stepan Orevkov two decades later, using deep results from Mikhail Gromov’s theory
of pseudoholomorphic curves in symplectic manifolds and Mario Micallef and Brian
White’s proof of the positivity of intersections of pseudoholomorphic curves.
At the same time that Rudolph was exploring quasipositivity and algebraic curves,
braids and complex geometry were figuring prominently in the growing field of con-
tact geometry. In 1983, first Daniel Bennequin demonstrated the existence of exotic
contact structures on R3. His proof introduced two ideas that are central to this
thesis: the use of braids to represent knots that are transverse to the contact planes
(so-called transverse knots), and the analysis of singular one-dimensional foliations
induced on a surface in the standard contact R3. One of these singular foliations,
the characteristic foliation, is defined by intersection of the tangent bundle of the
surface and the contact structure. The other, the braid foliation, is defined by the
intersection of the surface with the half-planes of constant angular coordinate with
respect to cylindrical coordinates on R3. Soon after Bennequin’s discovery, Yakov
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Eliashberg sharpened the characteristic foliation techniques and employed them in
establishing a wide range of results in contact geometry. Bennequin’s and Eliash-
berg’s results showed that surfaces in contact 3-manifolds could be used as a tools for
understanding global features of the contact structure. Inspiration also flowed back
from contact geometry to the study of braids. In a series of papers beginning in 1990,
Joan Birman and Bill Menasco further developed and systematized Bennequin’s braid
foliation techniques. Their work led to tremendous new results in the study of braids
and the knot theory of contact 3-space.
During this time, Eliashberg also adapted techniques from Morse-Smale theory
to study functions on an important class of complex manifolds, called Stein mani-
folds. These are precisely the complex manifolds that satisfy a complex analog of the
classical Whitney embedding theorem: A Stein manifold is a complex surface that
admits a proper holomorphic embedding as a closed subset in some Cn. The central
result of Eliashberg’s effort was a handlebody theory for Stein manifolds. Restricting
our attention to complex dimension two, Stein surfaces play an important role in
3-dimensional contact geometry. In particular, the transverse intersection of a Stein
surface X ⊂ Cn with a round sphere S2n−1 naturally yields a contact 3-manifold Y ,
where the contact structure ξ is given by the field of complex tangent lines. The
compact region in X bounded by Y is called a Stein filling of the pair (Y, ξ). These
can be viewed as generalizations of higher-dimensional links of singularities.
In 2003, Emmanuel Giroux ushered in the modern era of contact geometry by
establishing a correspondence between contact structures and purely topological ob-
jects called open book decompositions. These objects, roughly speaking, encode a
given 3-manifold as a natural quotient of the mapping torus of a diffeomorphism
(called the monodromy) of a compact surface with boundary (called the page). This
topological framework led to breakthroughs in contact topology, including the classi-
fication of contact structures on certain classes of 3-manifolds and the study of fillings
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of contact 3-manifolds. Ultimately, the improved understanding of fillings has had
applications to smooth topology, playing a key role in Peter Kronheimer and Tomasz
Mrowka’s establishing Property P for non-trivial knots. Using Eliashberg’s handle-
body description of Stein surfaces, Andrea Loi and Riccardo Piergallini showed that
a contact 3-manifold is Stein-fillable if and only if has an open book decomposition
whose monodromy is a product of positive Dehn twists; see the left side of Figure 1.1
for a local depiction of a positive Dehn twist.
Giroux’s correspondence also provided a framework for extending Bennequin’s
original observations relating braids and knots transverse to the standard contact
structure on R3. Much of this extension was paved by Elena Pavelescu in her 2008 the-
sis. Moreover, Pavelescu extended aspects of Birman and Menasco’s theory of braid
foliations to study surfaces in open book decompositions of arbitrary 3-manifolds.
More recently, Tetsuya Ito and Keiko Kawamuro published a series of papers system-
atically extending this to a general theory of open book foliations on surfaces in open
books. As expected, there is an intimate relationship between the singular foliations
on a surface induced by corresponding contact structures and open books, further
developed in Chapter 4.
In this thesis, we tie these threads together to study knots in contact 3-manifolds
and holomorphic curves in Stein surfaces. To do so, we generalize the notion of quasi-
positive braids to arbitrary 3-manifolds equipped with open book decompositions,
and we show that these braids are naturally connected to holomorphic curves in
Stein surfaces. From a technical standpoint, the primary novel techniques arise from
comparing characteristic and open book foliations on surfaces, paired with Morse-
theoretic techniques for reducing the study of holomorphic curves in Stein surfaces
to the study of embedded surfaces in contact 3-manifolds. In a different direction,
we use quasipositive braids to prove new results about complex plane curves and use
braid foliations to glean new insights into the properties of quasipositive braids.
1.2. Summary of results 5
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Figure 1.1. A positive Dehn twist.
1.2 Summary of results
Before turning to the more detailed discussion that follows in Chapters 2-6, we give
an overview of our main results. Precise definitions of terms used in this discussion
will be given in subsequent chapters; here we give only rough descriptions.
Knot theory of complex plane curves
We begin with the more classical problem of studying complex curves in C2. As a
preview of techniques to be developed throughout this thesis, we start by giving an
alternative proof of Rudolph’s conjecture, first proven by Boileau and Orevkov.
Theorem 1.1. Given a complex plane curve V transverse to a round sphere S3 in
C2, the intersection V ∩ S3 is a transverse link in the standard contact S3 that is
transversely isotopic to a quasipositive braid with respect to the standard open book
on S3.
Rudolph’s conjecture appears as part (C) of Problem 1.100 in Kirby’s list [Kir97],
which concerns cross-sections of complex plane curves. The problem has five parts
(A)-(E), with (C) being the only part of the problem previously resolved. We also
use resolve parts (A) and (B) using the following theorem, proven by studying band-
surgeries on quasipositive links.
Theorem 1.2. Every quasipositive slice knot arises as a link component in a cross-
section of an unknotted holomorphic disk in B4 ⊂ C2.
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Using recent results in the theory of braid foliations, we partially resolve a question
of Orevkov, who asked if every minimal-index braid representative of a quasipositive
link type must be quasipositive.
Theorem 1.3. Every quasipositive link has a quasipositive minimal braid represen-
tative.
Finally, we use these quasipositive minimal braid representatives to show that
nontrivial quasipositive links are chiral, answering a question of Rudolph.
Corollary 1.4. If a link L and its mirror m(L) are both quasipositive, then L is an
unlink. In particular, an amphicheiral quasipositive link is an unlink.
Holomorphic curves in Stein surfaces
Our primary goal is to take knot-theoretic tools for studying complex curves in C2
and generalize them to study complex curves in arbitrary Stein surfaces. As a first
step, we extend Rudolph’s notion of quasipositivity to links in arbitrary open books;
see Chapter 3 for precise definitions. We see that this notion naturally extends to
transverse links in contact structures and that it exhibits special properties when
the contact structure is Stein-fillable. The main result of this effort is the following
characterization of links in contact 3-manifolds that bound holomorphic curves in
Stein fillings, proved jointly with Inanc Baykur, John Etnyre, Matt Hedden, Keiko
Kawamuro, and Jeremy Van Horn-Morris.
Theorem 1.5. A link in a Stein-fillable contact 3-manifold is isotopic to the boundary
of a holomorphic curve in some Stein filling if and only if it is isotopic to the closure
of a quasipositive braid with respect to a positive open book supporting the contact
structure.
The proof of Theorem 1.5 uses a Morse-theoretic perspective to reduce the study
of holomorphic curves in X to the study of singular foliations on surfaces in contact
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3-manifolds; we elaborate on these techniques below. Using related techniques, we
show that another special class of links, the strongly quasipositive links, can also be
characterized more geometrically in terms of surfaces they bound:
Theorem 1.6. A link in an open book is strongly quasipositive if and only if it bounds
a Legendrian ribbon with respect to the associated contact structure.
Here a Legendrian ribbon in a contact 3-manifold is a special type of embedded
surface that deform retracts onto a core 1-dimensional graph that is tangent to the
contact structure. Theorem 1.6 generalizes results of Baader and Ishikawa [BI09] in
the original setting of S3 with its standard contact structure.
The Giroux correspondence and singular foliations
As indicated above, several of our main results are obtained by studying characteristic
foliations and open book foliations on surfaces in three-manifolds. In their original
paper on open book foliations, Ito and Kawamuro used the Thurston-Winkelnkemper
construction to establish a connection between open book foliations and characteristic
folaitions: If an open book (B, pi) on Y induces an open book foliation with no closed
leaves on a surface S ⊂ Y , then there exists a contact structure ξ on Y supported
by (B, pi) such that the open book and characteristic foliations on S are topologically
conjugate. While a full converse is impossible (as explained in Example 4.20), we
establish the following partial converse:
Theorem 1.7. Let (Y, ξ) be a contact 3-manifold equipped with a compatible open book
(B, pi). Suppose that S ⊂ Y is an embedded surface whose characteristic foliation is
transverse to the regular level sets of a self-indexing Morse function on S. Then after
a perturbation of the open book (through open books supporting ξ) and an isotopy
of S fixing ∂S and preserving its characteristic foliation, we may assume that the
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characteristic and open book foliations on S are conjugate near the critical level sets
of the Morse function.
We note that these hypotheses on the characteristic foliation of the surface are
generic. This theorem allows us to take contact-geometric information about a surface
bounded by a pair of transverse links and convert it into information about braid
representatives. For example, we obtain the following:
Theorem 1.8. Let (Y, ξ) be a contact 3-manifold equipped with a compatible open
book. Suppose that transverse links L−, L+ cobound an embedded surface S, oriented
such that ∂S = −L− ∪ L+, whose characteristic foliation has a unique singular point
x ∈ S.
(a) If x is a positive (resp. negative) elliptic, then the transverse links L± have
braid representatives β± such that β+ is obtained from β− by braid isotopy and
the addition (resp. deletion) of an unlinked strand.
(b) If x is a positive (resp. negative) hyperbolic, then the transverse links L± have
braid representatives β± such that β+ is obtained from β− by braid isotopy and
the addition of a positive (resp. negative) half-twist.
This theorem lies at the heart of the forward implication in Theorem 1.5. The fol-
lowing is a simple consequence of these ideas.
Theorem 1.9. Suppose L−, L+ are positively transverse links in (Y, ξ) cobounding a
surface S ⊂ Y , oriented so that ∂S = −L− ∪ L+, whose characteristic foliation is
Morse-Smale and contains only positive singular points. If L− is transversely isotopic
to a quasipositive braid with respect to an open book (F, ϕ) supporting ξ, then the same
is true for L+.
This shows that the characteristic foliation is a useful lens through which we can
study quasipositive links.
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1.3 Organization
In Chapter 2, we apply a mix of techniques from Morse theory, braid theory, and
singular foliations to study quasipositive links in S3 and holomorphic curves in C2.
In Chapter 3, we extend Rudolph’s notion of quasipositivity to links in arbitrary
open books and contact 3-manifolds. This chapter contains no new theorems (only
new definitions), but includes several examples and thorough background sections on
braids in general open books and the Giroux correspondence. The majority of our
technical work is contained in Chapter 4, where we augment traditional techniques
from characteristic and open book foliations using a Morse theoretic perspective. In
particular, we prove a partial correspondence between open book and characteris-
tic foliations, inspired by Giroux’s correspondence between open books and contact
structures. (An effort has been made to keep the thesis comprehensible to the reader
who chooses to skip Chapter 4 and take on faith any statements the author claims
to have proven in that chapter.) In Chapter 5, we apply these techniques to prove
the main results relating holomorphic curves in Stein surfaces and quasipositive links
in Stein-fillable contact 3-manifolds. Aside from the new techniques, we give some
background on Eliashberg’s handlebody theory for Stein surfaces, Morse-Smale the-
ory for pseudoholomorphic functions, and techniques for studying open books and
contact structures. Finally, in Chapter 6, we study strongly quasipositive braids and
Legendrian ribbons in arbitrary contact manifolds.
Chapter 2
Knot theory of complex plane
curves
A complex plane curve is a holomorphic curve in the complex plane. Given a complex
plane curve and a round sphere in C2 meeting transversely, the intersection forms
a link in S3. As discussed in the introduction, this construction goes back to the
beginnings of modern knot theory. However, the study of such links was transformed
by Rudolph’s introduction of quasipositive braids in [Rud83b]:
Definition 2.1. A braid in Bn is called quasipositive if it is a product of conjugates∏
i ωiσjiω
−1
i , where ωi ∈ Bn is any word and σji is a positive standard generator. A
link is then called quasipositive if it has a quasipositive braid representative.
For an example, see Figure 2.1. In this original paper, Rudolph showed that
any quasipositive link can be obtained as the transverse intersection of a holomor-
phic (in fact, algebraic) curve in C2 with the unit sphere. He also conjectured the
converse, which was confirmed by Boileau and Orevkov in [BO01]. Since then, quasi-
positive links have been shown to possess many other connections to contact and
complex geometry, as well as smooth topology. The property of quasipositivity in-
10
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Figure 2.1. The quasipositive knot m(820), expressed as the closure of
the quasipositive 3-braid β = (σ1σ2σ−11 σ2σ1σ−12 σ−11 )(σ2σ1σ−12 ).
teracts in compelling ways with conditions such as fiberedness [EVHM11, Hed10],
sliceness [Rud93], homogeneity [Baa05], and Lagrangian fillability [HS15]. Quasipos-
itive links also have well-understood behavior with respect to invariants such as the
four-ball genus, the maximal self-linking number, and the Ozsváth-Szabó concordance
invariant τ [Hed10].
In this chapter, we use techniques from Morse theory, braid theory, and singular
foliations on surfaces to prove new results about complex curves and quasipositive
links, as well as give a new proof of Rudolph’s conjecture.
2.1 Rudolph’s conjecture
To preview the types of techniques employed in this thesis, we begin with an alter-
native proof of Rudolph’s conjecture ([Kir97, Problem 1.100C]):
Conjecture 2.2 (Rudolph). Let V be a holomorphic curve in C2 transverse to a
round sphere S3 ⊂ C2. Then V ∩ S3 is a quasipositive link.
In [BO01], Boileau and Orevkov in [BO01] prove a slightly stronger, global state-
ment about the compact piece V ∩ B4 of the curve V , and their proof uses deep
results in symplectic geometry due to Gromov and the positivity of intersections of
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Figure 2.2. Local depiction of elliptic (left) and hyperbolic (right) points
in a singular foliation on a surface.
pseudo-holomorphic curves due to Micallef and White. The proof we will give uses
comparatively elementary techniques from Chapter 4. We show the following:
Theorem 2.3. Given V, S3 ⊂ C2 as above, the intersection V ∩ S3 is a transverse
link in the standard contact S3 that is transversely isotopic to a quasipositive braid
with respect to the standard open book on S3.
To bring contact geometry into the picture, we recall that the standard contact
structure ξ on S3 can be defined as the field of complex tangent lines to any round
sphere in C2. To prove Theorem 2.3, we will reduce the problem to one concerning
embedded surfaces in the standard contact S3. For this, we briefly recall the definition
of the characteristic foliation Fξ(S) on a surface S in (S3, ξ): Let P ⊂ S denote the
set of points where ξ is tangent to S; then intersections of ξ with tangent planes to S
define a one-dimensional distribution on S \ P whose integral curves form a singular
one-dimensional foliation Fξ(S) on S with singularities at P . (For a more detailed
discussion, see §4.3.) Generically, singular points are isolated and come in two flavors:
elliptic and hyperbolic, as depicted in Figure 4.1. Moreover, given orientations on S
and ξ, we may say that a singular point p ∈ S is positive or negative according to
whether the orientations on ξp and TpS agree or disagree, respectively.
Proposition 2.4. Suppose that transverse links L−, L+ ⊂ (S3, ξ) cobound an embed-
ded surface S, oriented such that ∂S = −L− ∪ L+, whose characteristic foliation has
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a unique singular point p ∈ S.
(a) If p is a positive elliptic, then the transverse links L± have braid representatives
β± such that β+ is obtained from β− by braid isotopy and the addition of an
unlinked strand.
(b) If p is a positive hyperbolic, then the transverse links L± have braid representa-
tives β± such that β+ is obtained from β− by braid isotopy and the addition of
a positive band wσiw−1.
The proof of this proposition appears in Chapter 4. For now, we use the proposi-
tion to prove Rudolph’s conjecture.
Proof of Theorem 2.3. Consider a holomorphic curve V ⊂ C2. All complex plane
curves arise as zero sets of holomorphic functions, so we can write V = f−1(0) for
some holomorphic function f : C2 → C. Let S3R ⊂ C2 be a round sphere of radius R
that is transverse to V . If V is singular, we may replace it by a smooth holomorphic
curve given by the preimage f−1(δ) of a small regular value δ ∈ C. By choosing δ
sufficiently close to zero, we can ensure the intersection f−1(δ)∩S3R is transverse and
C∞-close to L. Moreover, we may assume (after an arbitrarily small translation) that
f−1(δ) misses the origin and that the radial distance function on C2 restricts to a
Morse function ρ on f−1(δ). For notational convenience, we will proceed by letting
V denote the curve f−1(δ).
As observed in the introduction, L = V ∩S3R is an oriented link. Letting S3r denote
the sphere of radius r in centered at the origin in C2, we observe that the links given
by transverse intersections Lr = V ∩S3r are transverse to the natural contact structure
ξ on S3r . Indeed, since ξ consists of complex tangent lines, its intersection with TV
always has complex dimension zero or one, and the latter corresponds to a point of
tangency with S3r . These points of tangency are precisely the critical points of the
funtion φ : V → R given by restricting the radial distance function on C2 to V , so any
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smoothly transverse intersection V ∩S3r forms a link that is transverse to ξ. (And since
transversality to ξ is an open condition, our perturbation of V preserves the transverse
link type of L.) We will argue that L is transversely isotopic to a quasipositive braid
by induction on the number of critical points of φ. We point out that φ has no
local maxima on V ; this is seen by applying the maximum modulus principle for
subharmonic functions, since the radial distance function (z, w) 7→ |z|2 + |w|2 and
thus φ, its restriction to V , are subharmonic.
To analyze a critical point p ∈ V of φ, we will locally represent V near p as a
graph over an embedded surface S in the sphere S3c . We describe how to do this: For
small  > 0, let N(S3c ) denote the normal neighborhood consisting of spheres S3r with
|r − c| ≤  and consider the radial projection map
pi : N(S3c )→ S3c
x 7→ c · x/‖x‖.
It is easy to see that this projection restricts to a contactomorphism on each S3r in
N(S3c ), since each such map can alternatively be viewed as the restriction of the
holomorphic map that rescales C2 by c/r.
Since V is tangent to S3c at p, there is a neighborhood of p in V on which the
projection pi restricts to an embedding. By perturbing V at the outset of the problem,
as in the beginning of the proof of Theorem 2.3, we may assume that the radial vector
field ∂r on C2 is never tangent to a critical level set of V ; this implies that pi restricts
to an embedding on all of V ∩N(S3c ) if  is taken to be sufficiently small. Let S ⊂ S3c
denote the image of V ∩ N(S3c ) under the projection, and let g : S → [0,∞) be
defined so that we have g ◦ pi = φ on V ∩N(S3c ). Observe that g is a Morse function
with a critical point at p whose index agrees with that of φ, and that S inherits an
orientation from V . The boundary of S is given by −L−∪L+, where L± is the image
of V ∩ S3c± under the projection pi, and the only singular point in the characteristic
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foliation on S occurs at p. This singular point must be positive because TpS = TpV
and ξp are both oriented as complex tangent lines.
To begin the inductive argument, we first suppose that there is only one critical
point p ∈ V , which must be a local (as well as global) minimum at some height c.
Then the above construction yields a surface (in particular, a disk) S ⊂ S3c bounded
by L+ whose characteristic foliation has a unique singular point, which is a positive
elliptic at p. Note that L− is empty. By Proposition 2.4(a), L+ is transversely isotopic
to a one-stranded, braided unknot β+. Note that β is trivially quasipositive. Because
there are no critical values between c+ and R, the holomorphic curve V is transverse
to S3r for all r ∈ [c+ , R]. It follows that Lc+ and LR are transversely isotopic. Since
Lc+ is transversely isotopic a quasipositive braid, the same is true for LR.
Now suppose that V has n ≥ 2 critical points and let us assume that the theorem
holds for all holomorphic curves as above with at most n − 1 critical points. Let c
denote the maximum critical value of φ, and let S be a surface in S3c bounded by L±
as constructed above. By Proposition 2.4, we have transverse braid representatives
β± of Lc± as described. There are two cases to consider: local minima and saddles.
If the critical point is a local minimum, then an argument analogous to the one
given above implies that β+ is obtained from β− by adding a single unlinked strand.
By the inductive hypothesis, β− is transversely isotopic to a quasipositive braid. This
induces a transverse isotopy of the corresponding link components of β+, and we can
ensure that this isotopy is performed far away from the new unknotted component.
It follows that β+ (and thus Lc+) is transversely isotopic to a quasipositive braid.
Because Lc+ is transversely isotopic to LR, we see that LR is also transversely isotopic
to a quasipositive braid.
If the critical point is a saddle, then β+ is obtained from β− by adding positive
generator σi. By the inductive hypothesis, we know that β− is transversely isotopic
to a quasipositive braid. By the transverse Markov theorem, β− shares a common
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positive braid stabilization with some quasipositive braid. Since positive braid sta-
bilization preserves quasipositivity, it follows that β− itself becomes a quasipositive
braid β′− after a sequence of braid isotopies and positive braid stabilizations. We
claim that there is a sequence of braid isotopies and positive braid stabilizations tak-
ing β+ to a quasipositive braid β′+. If there are no stabilizations, then β′− is obtained
from β− by applying braid relations and conjugation. It follows that we can write
β′− = aβ−a−1 for some a ∈ Bm, where m is the braid index of β−. Then β′+ = aβ+a−1
is braid isotopic to β+, and we see that it is quasipositive by the equality
β′+ = aβ+a−1 = aβ−σia−1 = β′−(aσia−1).
If there is exactly one stabilization in the sequence, then we can define the braid
β′− = a(bβ−b−1σm)a−1. Then β′+ = a(bβ+b−1σm)a−1 is obtained from β+ by a sequence
of braid isotopies and a single positive stabilization, and we see that it is quasipositive
by the equality
β′+ = a(bβ+b−1σm)a−1 = β′−(wσiw−1),
where w = aσ−1m b. Finally, if there is more than one stabilization in the sequence,
we may apply the above argument inductively at each stage to obtain the desired
conclusion. It follows that β+ (and thus Lc+) is transversely isotopic to a quasipos-
itive braid. Since LR is transversely isotopic to Lc+, we conclude that LR is also
transversely isotopic to a quasipositive braid.
We note a consequence of the above argument that may be of independent interest:
Porism 2.5. Let V ⊂ C2 be a smooth holomorphic curve such that the restriction
of the radial distance function from C2 to V is a Morse function φ : V → R with
pairwise distinct critical values. Given a critical point p ∈ V with φ(p) = c and  > 0
sufficiently small, the transverse links L± = φ−1(c± ) have braid representatives β±
such that β+ is obtained from β− by adding a single unlinked strand (if p is a local
minimum) or a positive band wσiw−1 (if p is a saddle).
2.2. Cross-sections of unknotted ribbon disks and algebraic curves 17
2.2 Cross-sections of unknotted ribbon disks and
algebraic curves
A properly embedded surface Σ in B4 is said to be ribbon if the restriction of the
radial distance function from B4 to Σ is a Morse function with no local maxima.
As an important class of examples, holomorphic curves in B4 ⊂ C2 are naturally
ribbon. (This was pointed out in our proof of Rudolph’s conjecture in §2.1.) This
Morse-theoretic perspective has shed light on the topology of holomorphic curves
Σ ⊂ C2 and the links that arise as transverse intersections Lr = Σ ∩ S3r , where S3r
is a sphere of radius r > 0; see [Fie89, BO01, Bor12, Hay17]. As discussed in the
previous section, Rudolph and Boileau-Orevkov showed that the links obtained as
cross-sections of holomorphic curves are precisely the quasipositive links. To fully
exploit this characterization, it is necessary to understand the relationship between
different cross-sections of the same holomorphic curve. This is the subject of Problem
1.100 in Kirby’s list.
Problem 1.100(A/B) ([Kir97]). Let Σ ⊂ C2 be a smooth algebraic curve, with
Lr = Σ ∩ S3r defined as above, and let g denote the Seifert genus.
(A) If r ≤ R, is g(Lr) ≤ g(LR)?
(B) If LR is an unlink and r ≤ R, is Lr an unlink?
For comparison, by Kronheimer and Mrowka’s proof of the local Thom conjecture
[KM94], the slice genus g∗ is known to satisfy g∗(Lr) ≤ g∗(LR) for r ≤ R. In addition,
since Seifert and slice genera are equal for strongly quasipositive links by [Rud93],
the answer to part (A) of Problem 1.100 is “yes” when Lr is strongly quasipositive;
see §2.2.2 for a definition of strong quasipositivity. Part (B) is a special case of part
(A), and Gordon’s work [Gor81] on ribbon concordance implies that the answer to
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(a) (b) (c)
F F ′ F ′′
Figure 2.3. A version of the Whitney trick that embeds one ribbon-
immersed surface inside a simpler one.
(B) is “yes” when Lr is a knot, i.e. connected. In spite of this, we show the answers
to (A) and (B) are both “no”.
Theorem 2.6. Every quasipositive slice knot arises as a link component in a cross-
section of an unknotted holomorphic disk in B4 ⊂ C2.
The holomorphic disks constructed in the proof of Theorem 2.6 are compact pieces
of algebraic curves, hence provide the desired counterexamples to part (B) of Prob-
lem 1.100. The construction is inspired by a version of the Whitney trick that admits
an appealing statement in terms of ribbon-immersed surfaces in S3, i.e. immersed
surfaces with boundary whose singularities are of the type depicted in Figure 2.3(a):
Every ribbon-immersed surface F ⊂ S3 lies inside a larger one F ′ that is isotopic
(through immersions that are injective along the boundary) to an embedded surface
F ′′. Moreover, the surface F ′ may be taken to have the same topological type as
F ; the construction is depicted in Figure 2.3. The corresponding four-dimensional
construction can be used to embed an arbitrary ribbon surface inside one that is
unknotted, i.e. isotopic to an embedded surface in ∂B4.
Any counterexamples to part (A) of Problem 1.100 constructed using Theorem 2.6
will have disconnected cross-sections Lr. However, we can use an alternative construc-
tion to obtain a sharper result:
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Theorem 2.7. For every integer n ≥ 0, there is a smooth algebraic curve Σn and a
pair of positive numbers r < R such that g(Lr) = 2n + 1 and g(LR) = n + 1, where
Lr = Σn ∩ S3r and LR = Σn ∩ S3R are knots.
For each Σn, the smaller cross-section Lr is a prime quasipositive 4-braid slice
knot and LR is strongly quasipositive.
2.2.1 The topological construction
This brief section offers an informal account of the topological construction that
inspires Theorem 2.6. Given a link L ⊂ S3, a band b : I × I → S3 is an embedding
of the unit square such that L∩ b(I× I) = b(I×∂I). A link L′ is obtained from L by
band surgery along b if L′ = (L \ b(I × ∂I))∪ b(∂I × I). For example, Figure 2.4(a-
b) presents the stevedore knot 61 as the result of band surgery on an unlink. As
illustrated in Figure 2.4(c), a description of a link L as a result of band surgery on
an unlink yields a natural ribbon-immersed spanning surface F ⊂ S3 with ∂F = L:
simply attach the bands to a collection of embedded disks bounded by the unlink.
In general, a ribbon-immersed surface F ⊂ S3 will not be isotopic (through im-
mersions that are injective along the boundary) to an embedded surface. However,
we can always find another ribbon-immersed surface F ′ ⊂ S3 containing F such that
F ′ is isotopic to an embedded surface. The construction is summarized in Figure 2.3.
For an example, see Figure 2.4(f), where the ribbon disk bounded by the stevedore
knot from Figure 2.4(c) is embedded in a ribbon disk for the unknot that is isotopic
to a standard embedded disk.
Under the correspondence between ribbon-immersed surfaces F ⊂ S3 and ribbon
surfaces Σ ⊂ B4 (as in [Has83]), the preceding observation implies that every ribbon
disk embeds as a connected component in a sublevel set of an unknotted ribbon disk.
Restricting to the perspective of cross-sections, we obtain a topological version of
Theorem 2.6:
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(c)(b)(a)
(f)(e)(d)
Figure 2.4. Band surgeries on unlinks and the corresponding ribbon
surfaces.
Observation 2.8. Every knot that bounds a ribbon disk in B4 arises as a link com-
ponent in a cross-section of an unknotted ribbon disk in B4.
2.2.2 Bands and Bennequin surfaces
In [BKL98], Birman, Ko, and Lee define an alternative presentation of the n-stranded
braid group Bn using generators of the form
σi,j = (σi · · ·σj−2)σj−1(σi · · ·σj−2)−1, 1 ≤ i ≤ j ≤ n.
Such generators had been used earlier by Rudolph [Rud83a], who termed σi,j a (posi-
tive) embedded band. An expression of a braid in Bn as a word w in the generators
σi,j is called an embedded bandword. Given an embedded bandword w for β, there
is a canonical Seifert surface Fw, called the Bennequin surface, constructed from
n parallel disks by attaching a positively (resp. negatively) twisted embedded band
between the ith and jth disks for each term σi,j (resp. σ−1i,j ) in w; see Example 5.9
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Figure 2.5. Bennequin surfaces for the braids β0 (left) and β1 (right).
below. Note that the Euler characteristic of the resulting surface is n − |w|, where
|w| denotes the length of the embedded bandword.
Example 2.9. The Bennequin surfaces in Figure 2.5 correspond to embedded band-
words β0 = σ1,4σ2σ−11,3σ2,4σ1,3 and β1 = σ1,4σ2σ1σ−11,3σ−11 σ2,4σ1σ1,3σ−11 . These are
minimal-genus Seifert surfaces for β0 and β1. Indeed, we can confirm g(β0) = 1
and g(β1) = 3 using their Alexander polynomials (which have degree two and six,
respectively) and the bound g(K) ≥ deg(∆K)/2, where K is any knot and deg(∆K)
is defined as the breadth of ∆K .
Definition 2.10. A braid in Bn is called strongly quasipositive if it is a product of
positive embedded bands. A link in S3 is strongly quasipositive if it has a strongly
quasipositive braid representative.
The above definition comes from [Rud90] (cf. [Rud83a]). Observe that a quasi-
positive braid is simply a product of (positive) bands, which are arbitrary conjugates
of (positive) generators. An expression of a braid as a word in these bands is called
a bandword, and a construction analogous to the one described above associates a
ribbon-immersed spanning surface to each bandword.
2.2. Cross-sections of unknotted ribbon disks and algebraic curves 22
2.2.3 Construction of algebraic curves
We now build the desired algebraic curves using a special type of quasipositive band
surgery — that is, the addition of a band wσiw−1 to a quasipositive braid. This relies
on the following lemma, due to Feller [Fel16, Lemma 6].
Realization Lemma (Feller [Fel16], cf. Orevkov [Ore96], Rudolph [Rud83b]). Let β
and γ be quasipositive n-braid words such that γ can be obtained from β by applying a
finite number of of braid group relations, conjugations, and additions of a conjugate
of a positive generator anywhere in the braid. Then there exists a polynomial of the
form p(z, w) = wn + cn−1(z)wn−1 + · · · + c0(z) and constants 0 < r < R such that
the intersections of Σ = {p(z, w) = 0} with S3r and S3R are isotopic to β and γ,
respectively.
To prove the main theorem, it suffices to adapt the topological construction from
§2.2.1 using quasipositive braids and band surgeries.
Proof of Theorem 2.6. Let β ∈ Bn be a quasipositive braid expressed as a product
of positive bands wσiw−1. Let m denote the number of singularities in the ribbon-
immersed Bennequin surface F for β. We begin by constructing a quasipositive braid
β′ ∈ Bn+m that contains β as a sublink. Each ribbon singularity in F corresponds to
a region in the braid as depicted in Figure 2.6(a) (or its rotation by 180◦, with strand
orientations reversed); here the dashed strands represent the crossing strands in the
positive band and may pass over or under the black strand in the center of the region
where the dashed strands are not drawn. After braid isotopy of the crossing strands,
we obtain the quasipositive braid in Figure 2.6(b). We then introduce an additional
strand as shown in Figure 2.6(c); the new strand passes under all others except at
the two points shown in the figure. After performing these modifications for each of
the m original singularities, we obtain a quasipositive braid β′ ∈ Bn+m that contains
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(a) (b) (c) (d)
Figure 2.6. Modifying the original braid (a-c) and its closure (d).
β as a sublink. Up to smooth isotopy, β′ is obtained from β by adding m unknots,
linked with β as depicted in Figure 2.6(d).
Let γ ∈ Bn+m be the braid obtained from β′ by adding a positive generator within
each of the m neighborhoods as shown in Figure 2.7(a). By the lemma, there exists
an algebraic curve Σ ⊂ C2 and constants 0 < r < R such that β′ = Σ ∩ ∂B4r and
γ = Σ ∩ ∂B4R.
Next we show that γ is an unknot. Through the smooth isotopy depicted in
Figure 2.7(b-c), we see that γ ∈ Bn+m is isotopic to a quasipositive braid γ′ ∈
Bn whose ribbon-immersed Bennequin surface in fact contains no singularities and
is therefore embedded. Observe that this braid γ′ also has the same number of
bands as β. Since the slice-Bennequin inequality is sharp for quasipositive braids
([Rud93, Hed10]), the number of bands in β equals n+ 2g∗(β)− 1 = n− 1. It follows
that the Benequin surface for γ′ has Euler characteristic −1, implying that γ′ (and
thus γ) is an unknot.
Finally, we show that the compact piece of Σ bounded by γ is a holomorphically
unknotted disk. For notational convenience, we rescale C2 so that R = 1 and let
(c)(a) (b)
Figure 2.7. Band surgery and isotopy of the braid closure.
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Σ1 denote the resulting holomorphic curve in the unit four-ball. That Σ1 is a disk
follows from the fact that holomorphic curves are genus-minimizing [KM94, Rud93].
To show that Σ1 is holomorphically unknotted, we employ Eliashberg’s technique of
filling by holomorphic disks (as in [BF98, Proposition 2]). The braid γ can be viewed
as a transverse unknot (in the contact-geometric sense) with self-linking number −1.
It follows that it bounds an embedded disk D ⊂ S3 whose characteristic foliation (see
[Etn03]) is radial with a single positive elliptic point p ∈ D. There is a small interval
[0, ) and a family of disjoint holomorphic “Bishop disks” ∆t ⊂ B4 for t ∈ [0, )
emerging from p such that ∆t is properly embedded in B4 with boundary in D ⊂ S3
for t > 0 (and ∆0 is a degenerate disk identified with the given elliptic point). By
[Eli95, Corollary 2.2B], the Bishop family can be extended to a family of holomorphic
disks foliating a three-ball bounded by the piecewise-smooth two-sphere D ∪ Σ1.
In particular, the extended family includes Σ1, so Σ1 can be unknotted through
holomorphic disks.
Example 2.11. The quasipositive slice knot m(820) is represented by the 3-braid
β = σ2σ21σ2σ−21 σ−12 σ1,3, which embeds in the 5-braid β′ = wσ2w−1σ1,5, where w =
σ−14 σ
2
3σ
−2
4 σ
−1
3 σ
−1
2 σ
2
1σ
−2
2 σ
−1
1 σ1σ2. Following the above procedure, β′ arises as a cross-
section of a holomorphic disk in the four-ball bounded by the unknot γ = w′σ2w−1σ1,5,
where w′ is obtained from w by the two replacements σ23 → σ3σ4σ3 and σ21 → σ1σ2σ1.
Remark 2.12. The construction from the proof above generalizes to show that every
quasipositive knot K embeds as a link component in a cross-section of an algebraic
curve in the four-ball whose boundary is a strongly quasipositive knot with the same
slice genus as K.
Next, we produce the algebraic curves needed for the refined solution to Prob-
lem 1.100(A). By [HS00, Theorem 1.6] (see also [ST89]), band surgery decreases the
Seifert genus of a knot if and only if the knot has a minimal genus Seifert surface
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that contains the band. Therefore, to violate the inequality from Problem 1.100(A),
we seek pairs of quasipositive braids β and γ such that γ is obtained from β by band
surgery along a band lying inside a minimal genus Seifert surface for β.
Proof of Theorem 2.7. For each n ≥ 0, define a pair of four-braids as follows:
βn = σ1,4σ2(σn1σ−11,3σ−n1 )σ2,4(σn1σ1,3σ−n1 )
γn = σ1,4σ2σ2,4σn1σ1,3σn+12 .
Observe that each βn is quasipositive and each γn is strongly quasipositive. Bennequin
surfaces for β0 and β1 appear in Figure 2.5. We can obtain γn from βn by adding
2n + 2 positive bands: Adding σ1,3 in the middle of the term (σn1σ−11,3σ−n1 ) in βn
eliminates that entire term, adding σn1 to the end of βn eliminates the term σ−n1 , and
then σn+12 is added to the end of the word. (The final term is added to ensure that
γn is a knot and to simplify the expression of its Seifert genus.) By the lemma, there
exists an algebraic curve Σn and constants 0 < r < R such that βn = Σn ∩ ∂B4r and
γn = Σn ∩ ∂B4R.
It remains to calculate the Seifert genera of βn and γn. Since γn is strongly
quasipositive, its Bennequin surface realizes the Seifert genus of γn; see [Rud93]. This
surface is built from 4 disks and 5 + 2n bands and has connected boundary, hence
has genus n+ 1.
To compute the Seifert genus of βn, we show that its Bennequin surface is also
genus-minimizing. The Bennequin surface for βn is built from 4 disks and 5 + 4n
bands, hence has Euler characteristic χ = −1 − 4n. Since its boundary is a knot,
the genus is (1 − χ)/2 = 2n + 1. For n = 0 and n = 1, it is easy to confirm that
g(βn) = 2n+ 1, and this was already completed for n = 0 and n = 1 in Example 5.9.
We proceed by induction: Let us assume the Bennequin surface for βn−1 is minimal,
where n ≥ 2. The braid βn can be viewed as being obtained from βn−1 by four
replacements of the form σ±11 → σ±21 . As illustrated in Figure 2.8, the replacement
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Figure 2.8. Hopf plumbing across a band of like sign.
σ1 → σ21 can be viewed as the result of plumbing a positive Hopf band across the
σ1-band. The replacement σ−11 → σ−21 is analogous, realized by plumbing a negative
Hopf band across a σ−11 -band. It follows that the Bennequin surface for βn is obtained
from that of βn−1 by repeated Hopf plumbing. Since the Bennequin surface for βn−1
is genus-minimizing, it follows from [Gab83] that the Bennequin surface for βn is
genus-minimizing as well.
2.3 Minimal braid index and chirality
It is easy to see that an arbitrary braid representative of a quasipositive smooth link
type need not be a quasipositive braid. Along these lines, Orevkov [Ore00] posed the
following question:
Question 2.13 (Orevkov). Let L be a quasipositive link and β a minimal braid index
representative of L. Is β is quasipositive?
Partial resolutions to this question have appeared in [EVHM11] and [FK16]. In
particular, Etnyre and Van Horn-Morris showed in [EVHM11] that the answer to
Question 2.13 is yes for fibered strongly quasipositive links. (For contrast, we point
out that the answer to the analogue of Question 2.13 for positive braids is no, as
Stoimenow has provided examples of braid positive knots that have no positive min-
imal braid representative in [Sto02]. See also [Sto04, §1].) The main purpose of this
note is to provide another partial answer to Question 2.13.
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Theorem 2.14. Every quasipositive link has a quasipositive minimal braid index
representative.
This claim follows quickly from some recent results in the theory of braid folia-
tions, namely LaFountain and Menasco’s proof of the Generalized Jones Conjecture
in [LM14]. In §2.3.1 below, we outline this background material and then prove
Theorem 2.14. Applications follow in §2.3.2.
2.3.1 Quasipositive minimal braids
The Generalized Jones Conjecture, first confirmed by Dynnikov-Prasolov [DP13],
relates the writhe w and braid index n of braids with a given link type.
Theorem 2.15 (Generalized Jones Conjecture, [DP13]). Let β and β0 be closed braids
with the same link type L, where n(β0) is minimal for L. Then there is an inequality
|w(β)− w(β0)| ≤ n(β)− n(β0).
Recall Bennequin’s formula for the self-linking number of a braid β:
sl(β) = w(β)− n(β).
It follows from the Generalized Jones Conjecture, Bennequin’s formula, and the trans-
verse Alexander theorem that a minimal braid index representative of L achieves the
maximal self-linking number among all transverse representatives of L, denoted sl(L).
For any braid β representing a link type L, we can plot the pair (w(β), n(β)) in a
plane. The cone of β is the collection of all pairs (w, n) realized by braids which
are stabilizations of β; see Figure 2.9 for an example. If β0 is a minimal braid index
representative of L, we see that the right edge of its cone consists of all pairs (w, n)
corresponding to braids achieving the maximal self-linking number of L.
The other tool central to the proof of Theorem 2.14 is due to Orevkov and concerns
braid moves that preserve quasipositivity.
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Figure 2.9. The cone of a braid β with (w(β), n(β)) = (4, 2).
Theorem 2.16 (Orevkov [Ore00]). Suppose the braids β and β′ are related by positive
(de)stabilization. Then β is quasipositive if and only if β′ is quasipositive.
Remark 2.17. In [Ore00], an n-stranded braid is viewed as an isotopy class of n-
valued functions f : [0, 1] → C where f(0) and f(1) equal {1, 2, . . . , n} ⊂ C. A
braid is then quasipositive if one of its representatives can be expressed as a product
of conjugates of the standard generators. For us, it is more convenient to study
closed braids (up to isotopy through closed braids). Two closed braids are equivalent
if and only if they can be expressed as closures of conjugate open braids. Since
quasipositivity is a property of conjugacy classes of open braids, Theorem 2.16 holds
equally well for closed braids.
We proceed to the proof of the of the main result, namely that every quasipositive
link has a quasipositive minimal braid representative.
Proof of Theorem 2.14. Let L be a quasipositive link with a minimal braid index rep-
resentative β0 and a quasipositive braid representative β+. Since the slice-Bennequin
inequality is sharp for quasipositive links ([Rud93], c.f. [Hed10]), β+ achieves the
maximal self-linking number for L. As noted above, it follows that (w(β+), n(β+))
lies along the right edge of the cone of β0. The braids β0 and β+ have the same link
type, so [LM14, Proposition 1.1] implies that there are braids β′0 and β′+ obtained
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from β0 and β+ by negative and positive stabilization, respectively, such that β′0 and
β′+ cobound embedded annuli. Note that β′0 and β′+ lie along the left and right edges
of the cone, respectively, as depicted on the left side of Figure 2.10. We also note
that β′+ is quasipositive since it is obtained from β+ by positive stabilization.
Next, as in (the proof of) [LM14, Proposition 3.2], we can find braids β′′0 and β′′+
obtained from β′0 and β′+ by braid isotopy, destabilization, and exchange moves such
that w(β′′+) = w(β′′0 ) and n(β′′+) = n(β′′0 ). We claim that β′′+ has minimal braid index
(as does β′′0 ). Indeed, since β′0 and β′+ lie on the left and right edges of the cone of
β0, the destabilizations applied to them must be negative and positive, respectively.
Given this and the fact that exchange moves preserve writhe and braid index, we see
that β′′0 and β′′+ must also lie on the left and right edges of the cone of β0, respectively.
But since these braids occupy the same (w, n)-point, they must lie where the edges
of the cone meet. As depicted on the right side of Figure 2.10, this implies that β′′0
and β′′+ have minimal braid index.
Finally, we show that the braid β′′+ is quasipositive. As noted above, any destabi-
lizations of β′+ must be positive, and these preserve quasipositivity by Theorem 2.16.
An exchange move also preserves quasipositivity, since it can be expressed as a com-
bination of one positive stabilization, one positive destabilization, and a number of
conjugations; see [BW00, Figure 8].
Remark 2.18. The question of whether or not all minimal braid index representa-
tives of a quasipositive link are quasipositive remains open. The answer is seen to be
yes for transversely simple link types: Beginning with a quasipositive braid represen-
tative of a transversely simple link, the transverse Markov theorem implies that any
minimal braid index representative can be related to it by positive (de)stabilization,
which preserves quasipositivity. By the same reasoning, the answer to Question 2.13
is yes for any link type that has a unique transverse class achieving its maximal
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Figure 2.10. On the left, β′0 and β′+ are obtained from β0 and β+ by neg-
ative and positive stabilization, respectively. Then, on the right, β′′0 and
β′′+ are obtained from β′0 and β′+ by negative and positive destabilization,
respectively.
self-linking number (but is not necessarily transversely simple). This is the case for
fibered strongly quasipositive links, as shown by Etnyre and Van Horn-Morris. But
it fails to hold even for non-fibered strongly quasipositive links; as pointed out by
Etnyre and Van Horn-Morris, there are infinite families of 3-braids found by Birman
and Menasco in [BM06] which are (strongly) quasipositive and of minimal braid index
but not transversely isotopic.
Remark 2.19. As pointed out by Eli Grigsby, the proof of Theorem 2.14 can be
mirrored to show that any property of closed braids that is
1. preserved under transverse isotopy and
2. satisfied by at least one braid representative of L with maximal self-linking
number
is also satisfied by at least one minimal braid index representative of L.
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2.3.2 Applications of quasipositive minimal braids
A few simple consequences follow from Theorem 2.14. First, by considering the self-
linking number of a quasipositive minimal braid index representative of a quasipositive
link, we obtain a lower bound on the maximal self-linking number sl in terms of the
minimal braid index b:
Theorem 2.20. If L is a quasipositive link, then
sl(L) ≥ −b(L),
with equality if and only L is an unlink.
Proof. Recall from above that a quasipositive braid always achieves the maximal
self-linking number of its link type. Thus if β is a quasipositive minimal braid index
representative of L, we have
sl(L) = sl(β) = w(β)− n(β) = w(β)− b(L).
The desired inequality now follows from the fact that the writhe of a quasipositive
braid is non-negative, vanishing if and only if the braid is trivial.
The calculation underlying Theorem 2.20 also lets us resolve an earlier question
of Rudolph’s from [Mor88, Problem 9.2]:
Question 2.21 (Rudolph). Are there any amphicheiral quasipositive links other than
the unlinks?
At the time this question was asked, it was already known that nontrivial strongly
quasipositive knots were chiral; see [Rud99, Remark 4] for a discussion of precedent
results. Additional evidence for a negative answer came in the form of strong con-
straints on invariants of amphicheiral quasipositive links (including their being slice
[Wu11]). We confirm that the answer to Rudolph’s question is no.
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Corollary 2.22. If a link L and its mirror m(L) are both quasipositive, then L is an
unlink. In particular, the unlinks are the only amphicheiral quasipositive links.
Proof. Observe that if β is a minimal braid index representative of L, then its mirror
m(β) is minimal for m(L). Now suppose L and m(L) are both quasipositive. The
preceding proof implies that w(β) and w(m(β)) = −w(β) are both non-negative, so
w(β) must be zero. Since we can choose the braid β to be quasipositive, the vanishing
of its writhe implies that the braid itself is trivial.
Chapter 3
Quasipositivity in contact
three-manifolds
In this chapter, we extend Rudolph’s notion of quasipositivity to braids in open books
and transverse links in contact three-manifolds. As in the classical setting, the braid
group has a natural generating set containing a subset of “positive” generators, and
we will use these positive generators to define our notion of quasipositivity.
In Section 3.1, we review the definition of open books and describe a framework
for studying braids in an open book using the mapping class group of a surface
with marked points. We then use this language in Section 3.2 to define our notion
of quasipositivity for braids in open books. Finally, in Section 3.3, we relate these
ideas back to contact geometry by describing Giroux’s correspondence between open
books and contact structures and an analogous correspondence between braids and
transverse links.
3.1 Open books and braids
Let Y denote a closed, oriented three-manifold.
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Definition 3.1. An open book decomposition of a 3-manifold Y is a pair (B, pi),
where B is an oriented, fibered link (called the binding) in Y and pi : Y \ B → S1 is
a fibration such that the closure Fθ of each fiber pi−1(θ) in Y is a Seifert surface for
B (called a page).
Example 3.2. We can describe the standard open book decomposition for S3 ex-
plicitly by viewing it as the unit sphere in C2: In coordinates (z, w), S3 is the set of
points satisfying |z|2+|w|2 = 1. The subset B ⊂ S3 satisfying z = 0 is an unknot, and
its complement fibers over S1 via the map pi : S3 \B → S1 given by pi(z, w) = z/|z|.
We can also describe an open book decomposition abstractly:
Definition 3.3. An abstract open book decomposition is a pair (F, ϕ), where F is
a compact surface with boundary (called the page) and ϕ is a diffeomorphism of F
(called the monodromy) that fixes a neighborhood of ∂F .
Given an abstract open book (F, ϕ), we can define a closed three-manifold Y(F,ϕ) =
(F × I)/∼ϕ, where the relation is defined by
(x, 1) ∼ϕ (ϕ(x), 0), x ∈ F
(x, t) ∼ϕ (x, s), x ∈ ∂F, t, s ∈ I.
We say that an abstract open book (F, ϕ) corresponds to an embedded open book
(B, pi) of a three-manifold Y if there is a diffeomorphism Y(F,ϕ) → Y that pulls pi back
to the natural fibration from Y(F,ϕ) \ ∂F to S1.
Example 3.4. The abstract open book whose page is the disk D2 and whose mon-
odromy is the identity corresponds to the standard open book decomposition of S3
described in Example 3.2.
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Figure 3.1. A positive Dehn twist.
Braids and pointed open books
Given an open book decomposition on Y , an oriented link is said to be braided if
it is positively transverse to the pages of the open book. Following [BVVV13], we
can encode braids abstractly using pointed open book decompositions. Let (F, ϕ) be
an abstract open book corresponding to (B, pi) and let P = {p1, . . . , pn} be a set
of distinct marked points in the interior of F . The monodromy ϕ is isotopic to
a diffeomorphism ϕ̂ of F that fixes the marked points setwise and ∂F pointwise,
i.e. a diffeomorphism of the pair (F, P ) fixing ∂F . The link in Y(F,ϕ̂) given by
(P × I)/∼ϕ̂ corresponds to a link K in Y that is braided with respect to (B, pi).
We say that K is encoded by the pointed open book decomposition (F, P, ϕ̂), and we
refer to ϕ̂ as the pointed monodromy. Unless otherwise specified, isotopy of the pointed
monodromy will be through diffeomorphisms that fix both P and ∂F pointwise. The
pointed mapping class group of F , which we denote Mod∂(F, P ), is generated by
Dehn twists about simple closed curves and half-twists along embedded arcs joining
distinct marked points; see Figure 3.2 for local depictions of these twists. We will let
Dγ denote a positive Dehn twist about a curve γ and Hα denote a positive half-twist
about an arc α, respectively.
For later reference, we highlight the behavior of these twists under conjugation:
Lemma 3.5. Let ϕ be any diffeomorphism of a surface F .
(a) For any simple closed curve γ in F , we have ϕ ◦Dγ ◦ ϕ−1 = Dϕ(γ).
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Figure 3.2. A positive Dehn twist (left) and a positive half-twist (right).
(b) For any embedded arc α in the interior of F , we have ϕ ◦Hα ◦ ϕ−1 = Hϕ(α).
We also reserve the notation Pδ for the “point-pushing” map along a simple closed
curve δ through a marked point; as shown in Figure 3.3, Pδ can be expressed as a
product of oppositely-signed Dehn twists along curves parallel to δ. The behavior
of point-pushing maps under conjugation is analogous to that of Dehn twists and
half-twists.
We now describe braid isotopy in terms of pointed open books. Suppose (F, ϕ)
and (F, ϕ′) are two abstract open books corresponding to (B, pi). Let K and K ′
be transverse braids encoded by (F, P, ϕ̂) and (F, P ′, ϕ̂′), respectively, where P =
{p1, . . . , pn} and P ′ = {p′1, . . . , p′n}. Then K and K ′ are braid isotopic if and only if
ϕ̂′ is isotopic to h ◦ ϕ̂ ◦ h−1 for some diffeomorphism h that sends P to P ′.
The classical operations of Markov stabilization and destabilization also have
analogs for braids in an arbitrary open book. We define these operations in terms of
abstract pointed open books: Let pn+1 be a point in a collar neighborhood of ∂F on
which ϕ̂ is the identity and let α be an arc joining pn+1 to pn (and meeting no other
Pδ Dγ ◦D−1γ′
γ′
γδ
Figure 3.3. Expressing a point-pushing map as a product of Dehn twists.
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Figure 3.4. A local depiction of positive Markov stabilization near the
binding B.
marked points). We say that the pointed open book (F, P∪{pn+1}, Hα◦ϕ̂) is a positive
Markov stabilization of the original pointed open book. For a local, embedded depic-
tion of positive Markov stabilization near the binding, see Figure 3.4. Positive Markov
destabilization is the reverse operation, and negative Markov (de)stabilizations are
defined analogously.
3.2 Quasipositive braids in an open book
In this section we consider open book decompositions of arbitrary closed, oriented
three-manifolds. We begin with the weakest notion of quasipositivity.
Definition 3.6. A braid in an open book is quasipositive if it can be encoded by
an abstract pointed open book whose pointed monodromy is isotopic to a product of
positive half-twists and arbitrary Dehn twists.
Remark 3.7. To supply more context for this definition, we adopt the perspective
of Etnyre-Van Horn-Morris in [EVHM15], which views classical quasipositive braids
as the monoid generated by positive half-twists in the pointed mapping class group
of the disk. We can say something similar in the more general case. Given a set of
marked points P in F , the elements of the pointed mapping class group that can be
expressed as products of positive half-twists and arbitrary Dehn twists form a monoid.
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By Lemma 3.5, it is easy to see that this monoid is preserved by conjugation. In
particular, this shows that Definition 3.6 is independent of the choice of the abstract
pointed open book (F, P, ϕ̂) used to encode a braid K in (B, pi). Indeed, if K is also
encoded by (F, P ′, ϕ̂′) and (F, P, ϕ̂) is quasipositive, then ϕ̂′ is isotopic to h ◦ ϕ̂ ◦
h−1 for some diffeomorphism h of F (as per the discussion in §3.1) and is therefore
quasipositive.
It will often be useful to speak of a braid being quasipositive with respect to a
particular choice of monodromy map for an open book (B, pi). To set up this language,
let F be a fixed page of the open book and let pˆ = {p1, . . . , pn} denote a set of marked
points in F . For any braid w ∈ Bn(F ), we obtain an embedded braid in F × I that
is well-defined up to braid isotopy. Given a choice of monodromy map ϕ : F → F
fixing pˆ pointwise, the braid w ∈ Bn(F ) further gives rise to an embedded braid β
with respect to the open book (B, pi) on (F × I)/∼ϕ that is well-defined up to braid
isotopy. We say that the braid β in (B, pi) is the closure of w with respect to (F, ϕ).
We consider two additional notions of quasipositivity. First, as in the classical
case, we can define a distinguished class of nullhomologous quasipositive braids.
Definition 3.8. A braid in an open book is strongly quasipositive if it can be encoded
by an abstract pointed open book (F, P, ϕ̂) where the marked points P lie along the
interior edge of a collar neighborhood of ∂F and ϕ̂ is a product of positive half-twists
and arbitrary Dehn twists along arcs and curves whose interiors do not meet the
collar neighborhood; see Figure 3.5.
Remark 3.9. Ito and Kawamuro present an equivalent definition in [IK17].
Second, in the context of Stein-fillable three-manifolds, one can place stronger
constraints on the underlying monodromy of an open book. By a theorem of Giroux
[Gir02], every Stein-fillable three-manifold has an open book decomposition whose
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Figure 3.5. Twists along α and γ are allowed in a strongly quasipositive
pointed monodromy, but twists along α′ and γ′ are not.
monodromy can be written as a product of positive Dehn twists along homologically
nontrivial curves. This motivates the following definition:
Definition 3.10. A braid in an open book is Stein quasipositive if it can be encoded
by an abstract pointed open book whose pointed monodromy is isotopic to a product
of positive half-twists and positive Dehn twists about homologically nontrivial curves.
We will see the significance of these braids in Chapter 5.
3.3 The Giroux correspondence
Recall that a contact structure on Y is a 2-plane distribution ξ locally given as the
kernel of a 1-form α such that α ∧ dα 6= 0. We call α a contact form. The following
definition is motivated by work of Thurston and Winkelnkemper [TW75], who used
open books to construct contact structures on all closed, oriented 3-manifolds.
Definition 3.11. An open book decomposition (B, pi) of a three-manifold Y is said
to support a contact 1-form α if α is positive along the binding and dα restricts to an
area form on each page of the open book. We say that a contact structure is supported
by an open book if the open book supports a contact form for the contact structure.
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Example 3.12. The standard contact structure on S3 given by the field of complex
tangent lines to the unit sphere S3 ⊂ C2 is supported by the standard open book
described in Example 3.2.
In [Gir02], Emmanuel Giroux revolutionized the field of contact geometry by ex-
tending Thurston and Winkelnkemper’s construction to a one-to-one correspondence
between contact structures and open books.
Theorem 3.13 (Giroux). Let Y be a closed, oriented 3-manifold. Then there is a
one-to-one correspondence between the set of oriented contact structures on Y (up
to isotopy) and the set of open book decompositions of Y (up to isotopy and positive
stabilization).
The notion of stabilization referenced in Theorem 3.13 is defined as follows:
Definition 3.14. A positive (resp. negative) stabilization of an abstract open book
(F, ϕ) is the open book (F ′, ϕ′), where F ′ is the union of F with a 1-handle and ϕ′ is
the composition ϕ◦Dγ (resp. ϕ◦D−1γ ), where Dγ is a right-handed Dehn twist along
a simple closed curve γ in F ′ that intersects the co-core of the 1-handle transversely
in precisely one point.
A correspondence for braids and transverse links
A link in a contact three-manifold (Y, ξ) is called transverse if it is everywhere trans-
verse to ξ and Legendrian if it is everywhere tangent to ξ. All contact structures in
this paper will be assumed to be co-oriented, and all oriented transverse links will be
assumed to intersect the contact planes positively unless otherwise specified.
In an open book equipped with a compatible contact structure, any braid is natu-
rally braid isotopic to a transverse link. The “transverse Alexander theorem” asserts
the converse. The general form of the theorem was proven by Pavelescu, generaliz-
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ing an earlier result due to Bennequin for links in the three-sphere; see [Pav11] and
[Ben83], respectively.
Theorem 3.15 (Transverse Alexander theorem). Given any compatible open book
decomposition of a contact three-manifold (Y, ξ), every transverse link is transversely
isotopic to a braid.
The following theorem generalizes work of Wrinkle [Wri02] and Orevkov-Shevchishin
[OS03], and can be viewed as an analog of Giroux’s correspondence for braids and
transverse links. The strong formulation given here is due to Ito [Ito15].
Theorem 3.16 (Transverse Markov theorem). Given any compatible open book de-
composition of a contact three-manifold (Y, ξ), two transverse braids are transversely
isotopic if and only if they have a common positive stabilization.
Finally, we consider the operation of Hopf stabilization on pointed open books.
Suppose the transverse link K in (Y, ξ) is encoded by a pointed open book (F, P, ϕ̂).
An abstract positive Hopf stabilization of this pointed open book is a triple (F ′, P, ϕ̂◦
Dγ), where F ′ is obtained from F by attaching an oriented 1-handle and Dγ is a
positive Dehn twist around a curve γ ⊂ F ′ passing through this 1-handle exactly once.
We note that the braid isotopy type of the transverse link encoded by (F ′, P, ϕ̂ ◦Dγ)
depends on the choice of γ, though its transverse isotopy type is independent of this
choice.
Quasipositive transverse links
Finally, as indicated in the introduction, we extend these definitions to transverse
and smooth link types: Given a closed, orientable contact three-manifold (Y, ξ), we
say a transverse or smooth link type K is quasipositive if there is an open book
decomposition of Y compatible with ξ in whichK is transversely or smoothly isotopic,
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respectively, to a quasipositive braid. Strongly quasipositive and Stein quasipositive
transverse and smooth link types are defined analogously.
Chapter 4
Singular foliations on surfaces
Foliations are a fundamental tool in geometry and topology. However, nonsingular,
one-dimensional foliations are of limited use for studying surfaces: A compact surface
S admits a one-dimensional foliation only if χ(S) = 0, which requires S to be a torus,
annulus, Klein bottle, or Möbius band. In contrast, singular foliations abound. For
example, the level sets of a Morse function f : S → R define a singular foliation on
S. Since Morse functions are abundant, so are singular foliations.
As discussed in the introduction, singular foliations on surfaces have been es-
pecially useful in the study of contact structures and open books. This chapter is
devoted to studying the connections between these two types of singular foliations;
to do so, we use Morse theory to augment traditional techniques from the theories of
characteristic and open book foliations. The main goal of this chapter is a proof of
the following theorem:
Theorem 1.7. Let (Y, ξ) be a contact 3-manifold equipped with a compatible open book
(B, pi). Suppose that S ⊂ Y is an embedded surface with transverse boundary whose
characteristic foliation is transverse to the regular level sets of a self-indexing Morse
function on S. Then after a perturbation of the pages of the open book (through open
books supporting ξ) and an isotopy of S fixing ∂S and preserving its characteristic
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foliation, we may assume that the characteristic and open book foliations on S are
conjugate near the critical level sets of the Morse function.
In Section 4.1, we give a formal definition of singular foliations on surfaces and
describe the local structure of generic singularities. In Section 4.2, we discuss Morse-
Smale singular foliations, their structural stability, and a useful criterion for deter-
mining when two Morse-Smale singular foliations are equivalent. We then formally
introduce open book and characteristic foliations in Section 4.3. In Section 4.4, we
discuss the partial correspondence between open book and characteristic foliations,
and we prove Theorem 1.7. Finally, in Section 4.5, we investigate some immediate
applications of Theorem 1.7 to the study of braid representatives of transverse links
and to the relationship between quasipositivity and characteristic foliations.
4.1 Surfaces and singular foliations
Given a smooth vector field X on a surface S, every point in S lies on an integral
curve of X. If X has no zeroes, then the collection of integral curves defines a genuine
foliation on S. We can equivalently view these curves as the flowlines of the flow on
S defined by X. If we allow X to have zeroes, then the corresponding flow will have
stationary points. Informally, we can view the collection of regular flowlines and
stationary points as a singular version of a one-dimensional foliation. More formally,
we have the following:
Definition 4.1. An oriented singular 1-dimensional foliation on an oriented surface
S is an equivalence class F of smooth vector fields [X], where X is allowed to have
zeroes, and [X] = [X ′] if there is a nonvanishing smooth function f : S → R such
that X ′ = fX. We say that a vector field X on S directs F if F = [X].
In practice, we will generally identify a singular foliation F with the set of integral
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Figure 4.1. Local depiction of elliptic (left) and hyperbolic (right) points
in a singular foliation on a surface.
curves of a vector field directing it. The natural notion of equivalence for singular
foliations is purely topological:
Definition 4.2. Two singular foliations F ,F ′ on a surface S are topologically con-
jugate (or simply conjugate) if there is a homeomorphism of S onto itself carrying F
to F ′.
We now describe the local structure of a singular point p of a singular foliation
F on S. Given a smooth vector field X directing the singular foliation near p, let
λ1 and λ2 denote the eigenvalues of the linearization of the flow of X at p. Then
we say that p is non-degenerate if either of λ1 or λ2 has non-vanishing real part. A
non-degenerate singular point is an elliptic point if λ1λ2 > 0 and a hyperbolic point
if λ1λ2 < 0. See Figure 4.1 for generic depictions of these points.
4.2 Morse-Smale theory for singular foliations
We will often wish to work with singular foliations satisfying an important regularity
condition, the Morse-Smale condition defined below. These singular foliations have
convenient dynamical properties and are closely related to Morse functions on sur-
faces. In addition, surfaces with a Morse-Smale singular foliation can be naturally
decomposed into subsurfaces on which the singular foliation is conjugate to one of
three standard models. These connections will be essential to our work with compar-
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ing characteristic and open book foliations on surfaces in 3-manifolds.
4.2.1 The Morse-Smale condition
We will typically work with singular foliations satisfying a key regularity condition:
Definition 4.3 (The Morse-Smale condition). A singular one-dimensional foliation
on a compact surface (S, ∂S) is Morse-Smale if it is directed by a vector field X with
the following properties:
(i) At each singular point p ∈ S of X, there is a cell neighborhood N and a C∞-
function f on N such that X is the gradient of f on N in some Riemannian
structure on N . Furthermore, p is a non-degenerate critical point of f . Let
p1, . . . , pn denote these singularities.
(ii) If q ∈ ∂S, then X at q is transverse to ∂S. In particular, X is nonzero along
∂S.
(iii) If q ∈ S, let ϕt(q) denote the orbit of X through q satisfying ϕ0(q) = q. Then
for each q ∈ S, the limit set of ϕt(q) as t → ±∞ is contained in the union of
the pi.
(iv) The stable and unstable manifolds of the pi intersect each other transversely.
Remark 4.4. (a) We also refer to a vector field X as above as a Morse-Smale vector
field. (b) In the literature, others might call this a “Morse-Smale vector field with no
closed orbits”. For this reason, we will sometimes include the phrase “with no closed
orbits” for clarify when referring to vector fields satisfying Definition 4.3.
Morse-Smale vector fields and singular foliations are, in a sense, generic. By
[Sma61], the gradient vector field of a generic Morse function is Morse-Smale. We
also have the following converse:
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Theorem 4.5 (Smale). Let v be a Morse-Smale vector field on a compact surface
S. Denote by ∂−S (resp. ∂+S) those points of ∂S at which v points inward (resp.
outward). Then there is a smooth function f on S with the following properties:
(a) The critical points of f coincide with the singular points of v and f coincides
with the function of condition (i) plus a constant in some neighborhood of each
critical point.
(b) If v is not zero at x ∈ S, then it is transverse to the level set of f at x.
(c) If x ∈ S is a critical point of f , then the value of f(x) agrees with the index of
x as a critical point.
(d) f has value −12 on ∂−S and 2 + 12 on ∂+S.
This motivates the following definition:
Definition 4.6 (Pseudo-gradients). Let f : M → R be a Morse function on a smooth
n-manifold M . A pseudo-gradient vector field (or simply pseudo-gradient) for f is a
vector field X on M such that
(i) (df)p(Xp) ≥ 0 for all p ∈ M , where equality holds if and only if p is a critical
point, and
(ii) in a Morse chart in the neighborhood of a critical point, X coincides with the
gradient for the canonical metric on Rn.
Smale proved that any pseudo-gradient X for f : M → R can be C1-approximated
by another such pseudo-gradient X ′ that is Morse-Smale. We can extend the above
notion from pseudo-gradients to singular foliations.
Definition 4.7 (Adapted Morse functions). Given a Morse-Smale singular foliation
F on a compact surface S, we say that a Morse function f : S → R is adapted to F
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if f has a pseudo-gradient vector field that directs F and contains ∂+S (resp. ∂−S)
as maximal (resp. minimal) level sets.
4.2.2 Comparing singular foliations using Morse functions
Recall from Definition 4.2 that two singular foliations on a surface are considered
equivalent if they are (topologically) conjugate, i.e. there is a homeomorphism of the
surface carrying one singular foliation to the other. Our goal in this subsection is to
prove the following theorem:
Theorem 4.8. Let F0,F1 be Morse-Smale singular foliations on a surface S. If there
exists a self-indexing Morse function on S that is adapted to both F0 and F1, then
the two foliations are conjugate.
We say that f : S → R is self-indexing if it takes values in [−12 , 2 + 12 ], the
value of f at each critical point agrees with the index of the critical point, and
f−1(∂[−12 , 2 + 12 ]) = ∂S. Our proof of Theorem 4.8 takes advantage of a key stability
property of Morse-Smale vector fields. To make this precise, we consider the space of
vector fields on S, denoted V , equipped with the C1-topology. A vector field X on S
is structurally stable if X has a neighborhood U ⊂ V such that, for all X ′ ∈ U , the
vector fields X and X ′ induce conjugate singular foliations.
Theorem 4.9 (Peixoto, [Pei62]). Morse-Smale vector fields on compact, orientable
surfaces are structurally stable.
This confers a type of structural stability on Morse-Smale singular foliations, which
can also be made precise by equipping the space of singular foliations with the quotient
topology inherited from the space of vector fields. To prove Theorem 4.8, we need
two simple lemmas:
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Lemma 4.10. Every pseudo-gradient vector field for a self-indexing Morse function
on a compact surface is Morse-Smale. 
The above lemma follows almost immediately from Definitions 4.3 and 4.6 and
the discussion in [Sma61], so we omit its proof.
Lemma 4.11. The space of pseudo-gradient vector fields for a fixed Morse function
on a compact surface is path-connected.
Proof. Let X0 and X1 be two pseudo-gradients for a Morse function f : S → R.
The naive approach is to show that the linear combination Xt = tX1 + (1− t)X0 for
t ∈ [0, 1] defines a path between X0 to X1 in the space of pseudo-gradients for our
function. By linearity of the differential, we have
df(Xt) = t · df(X1) + (1− t) · df(X0) ≥ 0
for all t ∈ [0, 1], with equality precisely at the critical points of f . However, to ensure
that condition (ii) from Definition 4.6 holds for all t ∈ [0, 1], we will modify Xt slightly
near the critical points.
Consider a critical point p ∈ S of the Morse function. By condition (ii) of Defini-
tion 4.6, there exist a pair of Morse charts around p in which X0 and X1, respectively,
coincide with the gradient for the canonical metric on R2. Equivalently, we may as-
sume we have a single Morse chart in which X0 and X1 are given by the gradient of
f with respect to two possibly non-standard metrics g0 and g1. Consider the convex
linear combination gt = tg1 + (1− t)g0. Recall that the gradient Y of f with respect
to a metric g is defined by the equation g(Y, v) = df(v) for all v ∈ TR2. Let Yt denote
the gradient of f with respect to gt. Now choose a function ρ : R2 → [0, 1] such
that ρ ≡ 1 on a small neighborhood of the origin and ρ ≡ 0 outside a slightly larger
neighborhood. Define
X˜t := ρYt + (1− ρ)Xt.
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Repeat this process for all critical points. As above, it follows from the linearity of the
differential df that X˜t satisfies df(X˜t) ≥ 0 with equality only at the critical points.
By construction, X˜t coincides with the gradient vector field of f with respect to a
Riemannian metric near each critical point. It follows that X˜t is a pseudo-gradient
for f for all t ∈ [0, 1]. Since X˜0 = X0 and X˜1 = X1, the claim follows.
Remark 4.12. One can in fact prove that the space of pseudo-gradient vector fields
for a fixed Morse function is contractible.
The theorem follows easily from the results above.
Proof of Theorem 4.8. Let f : S → R be a self-indexing Morse function adapted
to both F0 and F1, and let X0 and X1 be pseudo-gradients for f directing F0 and
F1, respectively. By Lemma 4.11, we can find a family of pseudo-gradients Xt of f
interpolating between X0 and X1, each of which is Morse-Smale by Lemma 4.10. By
Theorem 4.9, every Xt has a neighborhood Ut in V such that every X ′ ∈ Ut induces
a singular foliation conjugate to the one induced by Xt. Since the path lies inside a
connected component of the union U = ∪t∈[0,1]Ut, all singular foliations induced by
the vector fields in the path Xt are conjugate.
4.2.3 Elementary regions
Before proceeding, we observe that any Morse-Smale singular foliation on a surface
naturally decomposes into certain elementary subsurfaces, each of which is either
an annulus, disk, or pair of pants (i.e. a thrice-punctured sphere) with a unique
singular foliation up to conjugacy. To see this, suppose S is a surface with a Morse-
Smale singular foliation F , and let f be a Morse function adapted to F . We may
further demand that all critical points of f have distinct values. Choose regular
values numbers c1 < c2 < · · · < cn such that f−1(c1) = ∂−S, f−1(cn) = ∂+S, and
each interval [ci, ci+1] contains precisely one critical value. By elementary Morse
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Figure 4.2. Standard regions in a Morse-Smale singular foliation.
theory, each connected component of f−1([ci, ci+1]) is either an annulus, disk, or a
pair of pants. Moreover, it is easy to show that the foliation on each such subsurface
is as shown in Figure 4.2.
4.3 Open book and characteristic foliations
Let Y be a closed, orientable 3-manifold equipped with an open book (B, pi) support-
ing a contact structure ξ. Given a surface S in Y with boundary transverse to ξ, we
may apply the transverse Alexander theorem (Theorem 3.15) to isotope ∂S through
transverse links so that it is braided with respect to (B, pi). With our surface arranged
in such a position, we may define two distinct types of singular foliations on S.
4.3.1 Open book foliations
First, we consider the singular foliation induced by (B, pi). The material in this
subsection is based on [IK14] and [LM17, Chapter 11]. Informally, the open book
foliation on a surface S is the singular foliation whose singular points are given by
points where S intersects the binding B or is tangent to a page Fθ = pi−1(θ), and the
leaves are given by connected components of the intersections S ∩ Fθ for all θ ∈ S1.
To give a precise formulation, we will require that S satisfies four conditions:
(i) The boundary of S is braided with respect to (B, pi).
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(ii) All but finitely many pages Fθ meet S transversely, and each exceptional page
is tangent to S at a single point.
(iii) There are finitely many points where the binding B intersects S. Moreover,
these intersections are transverse and, in a neighborhood of each such point,
the collection of pages Fθ intersect S in a collection of arcs arranged radially as
on the left side of Figure 4.1.
(iv) There are finitely many points where the pages Fθ are tangent to S, and each
such point is a saddle tangency; that is, the intersection of the pages Fθ with S
are locally arranged as on the right side of Figure 4.1.
As shown in [IK14], any surface S ⊂ Y may be isotoped to satisfy these conditions.
Observe that conditions (ii) and (iii) are generic and can always be achieved by a C∞-
small perturbation of S. In general, conditions (i) and (iv) cannot be achieved by
small perturbations.
Definition 4.13. Given an open book (B, pi) on Y , let S be an oriented surface
satisfying conditions (i)-(iv) above. The open book foliation on S, denoted Fpi(S), is
the singular foliation induced by any vector field X on S that vanishes at all points
p ∈ S ∩B and satisfies dpi(X) ≡ 0 away from S ∩B.
Remark 4.14. (a) The requirement that dpi(X) ≡ 0 away from S ∩ B implies that
X is tangent to the pages of the open book. (b) Technically, the above definition
fails to pin down an orientation on Fpi(S). Observing that its leaves are transverse
to ∂S, we orient Fpi(S) so that it points out of S (resp. into S) along the boundary
components that are positively (resp. negatively) braided when equipped with the
boundary orientation.
For later reference, we observe that there are four types of regular leaves in an
open book foliation: a-arcs, which have one endpoint on B ∩ S and the other on ∂S;
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b-arcs, which have both endpoints on B∩S; s-arcs, which have both endpoints on ∂S;
and c-circles, which are simple closed curves. For the open book foliation to contain
an s-arc, S must have both positively and negatively braided boundary components.
These arise naturally, for example, when studying annuli swept out by an isotopy
between two braids.
Observe that, by conditions (i)-(iv), an open book foliation is Morse-Smale if and
only if it is without c-circles. By a result of Ito and Kawamuro [IK14, Proposition
2.5], c-circles can always be eliminated by an isotopy of S (rel ∂S):
Proposition 4.15 (Ito-Kawamuro). Given an open book foliation Fpi(S), we can
isotope S (rel ∂S) so that the new open book foliation is Morse-Smale (without closed
leaves).
It is clear that elliptic points in the open book foliation correspond to intersections
of S with the binding and that hyperbolic points correspond to tangencies with the
pages of the open book. Moreover, we can give these singularities signs in a natural
way: an elliptic point is positive if the orientation on B agrees with the oriented
normal direction to S and is negative otherwise; a hyperbolic point is positive if the
orientation on S agrees with that of the page at the point of tangency. An analysis of
the possible configurations of leaves around a hyperbolic point leads to the following
result.
Theorem 4.16 (Region Decomposition Theorem). If the open book foliation a surface
S contains at least one hyperbolic point, then S is decomposed into a union of model
regions whose interiors are disjoint.
In the case where the open book foliation is Morse-Smale, these model regions
are given in Figure 4.3. Each region contains at most three types of regular leaves,
and these leaf types are used to name the model regions. We will not need to make
much direct use of these tiles or the Region Decomposition Theorem. Instead, in
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Figure 4.3. The possible configurations of leaves near hyperbolic points
in a Morse-Smale open book foliation.
Section 4.5, we will use a different type of decomposition of singular foliations into
standard regions inspired by the surfaces shown in Figure 4.2
4.3.2 Characteristic foliations
Having already encountered characteristic foliations in Chapter 2, we content our-
selves here with a formal definition and a brief discussion.
Definition 4.17. The characteristic foliation Fξ of a surface S in (Y, ξ) is the singular
one-dimensional foliation of S defined by the distribution TS ∩ ξ|S.
Example 4.18. The characteristic foliation on the unit sphere in (R3, ξrot) is shown
in Figure 4.4.
Singular points of the characteristic foliation are signed as positive if the orien-
tation of S agrees with the orientation of ξ at the point of tangency and negative
4.4. A partial Giroux correspondence 55
Figure 4.4. The characteristic foliation on the unit sphere in (R3, ξrot).
otherwise. We also orient the leaves of the characteristic foliation using the orienta-
tions on S, ξ, and Y . Around a positive (resp. negative) elliptic point, the leaves
are oriented outward (resp. inward). Finally, along boundary components of S that
are positively (resp. negatively) transverse to ξ when equipped with the induced
boundary orientation, the leaves of the characteristic foliation point outward (resp.
inward).
4.4 A partial Giroux correspondence
We now use the Morse-theoretic perspective to relate open book foliations and charac-
teristic foliations on a surface S ⊂ Y induced by compatible open books and contact
structures. The first step in this direction was made by Ito and Kawamuro, who
showed the following:
Theorem 4.19 (Ito-Kawamuro, [IK14]). Assume that a surface S ⊂ Y admits a
Morse-Smale open book foliation Fpi(S) induced by an open book (B, pi). There ex-
ists a contact structure ξ on Y supported by (B, pi) such that Fpi(S) and Fξ(S) are
topologically conjugate.
We supply a proof of this theorem below. It is worth pointing out that a full
converse to Theorem 4.19 is impossible, as there are Morse-Smale singular foliations
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Figure 4.5. A Morse-Smale singular foliation on the annulus that can
be realized as a characteristic foliation but not an open book foliation.
that can be realized as characteristic foliations but not as open book foliations.
Example 4.20. Consider the annulus with the Morse-Smale singular foliation F
shown in Figure 4.5. This can be realized as the characteristic foliation on an em-
bedded annulus in a contact 3-manifold; this will become apparent when we discuss
Legendrian ribbons in Chapter 6. However, F cannot be realized by an open book
decomposition. To see this, note that all leaves emanating from an elliptic point in
an open book foliation must lie in distinct pages of the open book. In the singular
foliation in question, two of the leaves emanating from the elliptic point terminate at
the same hyperbolic point, which means they must lie in the same page. Therefore,
this configuration is impossible in an open book foliation.
To set up our proofs of Theorem 4.19 and Theorem 1.7, we recall how the contact
structure ξ = kerα in the Thurston-Winkelnkemper construction is defined: Away
from the binding, we require that α has the form K dθ+βθ, where θ ∈ [0, 1] gives the
coordinate on F × [0, 1], K  1 is a constant, and βθ is a smooth family of 1-forms on
the page Fθ such that dβθ is an area form on Fθ with a total area 2pi and β1 = ϕ∗β0.
In a small neighborhood of the binding with cylindrical coordinates (z, r, θ) (where z
gives the coordinate along the binding), we require α to have the form 2dz + r2dθ.
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4.4.1 From open book foliations to characteristic foliations
We now reprove Ito and Kawamuro’s result, Theorem 4.19.
Proof of Theorem 4.19. Near an elliptic point of the open book foliation, we may
assume that the surface S is described by a small disk with constant z-coordinate.
The characteristic foliation induced by ξk on such a neighborhood is radial, directed
by the vector field Xk = r∂r. If we wish to make this a generic singular point in the
characteristic foliation, we can perturb the surface by pushing slightly up or down
along the binding.
Near a hyperbolic point of the open book foliation, we can assume that we have
local coordinates (x, y, θ) in which θ gives the angular coordinate on the open book
and (x, y) give coordinates on the page Fθ. We may choose our coordinates (x, y) on
Fθ so that the surface is locally cut out by the equation θ = x2− y2. For appropriate
choices in the Thurston-Winkelnkemper construction, we can choose α so that it is
locally given by K dθ−y dx. In the local coordinates (x, y) induced on S, α|S is given
by
α|S = k d(x2 − y2)− y dx = (2kx− y) dx− 2ky dy.
This 1-form is degenerate only at (x, y) = (0, 0), which corresponds to the point
p ∈ S. The kernel of α|S is spanned by the vector field Xk = y · ∂x + (x− y/2k) · ∂y,
which has a hyperbolic singularity at (x, y) = (0, 0). It follows that the characteristic
foliation on S induced by ξk = kerαk has a hyperbolic singularity at p, and that there
is a fixed neighborhood of p such that ξk has no other tangencies with S for all k.
Every singularity in the open book foliation is now matched by a singularity in the
characteristic foliation with the same type and sign. It follows that e±(Fpi) ≤ e±(Fξ)
and h±(Fpi) ≤ h±(Fξ). We now show that, after isotoping ξk by increasing k, we may
assume that there are no singular points in the characteristic foliation aside from
those examined above.
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We wish to apply Theorem 4.8 to conclude that, for k  0, the characteristic
foliation induced by ξk is conjugate to the open book foliation induced by (B, pi).
Since the open book foliation is Morse-Smale, Theorem 4.5 ensures the existence of
a self-indexing Morse function f : S → R adapted to the open book foliation. By
Theorem 4.8, it suffices to show that, for k  0, the function f is also adapted to
the characteristic foliation induced by ξk. Let Xk be a vector field directing Fξk(S),
which we may assume extends the local vector fields defined above near singular
points. Let X direct the open book foliation. Near the binding, we already know
that Xk coincides with X. Near hyperbolic points of the open book foliation, we can
use the local coordinates described above to write X = y · ∂x + x · ∂y. It is then easy
to see that Xk converges to X near hyperbolic points of Fpi(S) as k →∞.
It remains to show that for k  0, we have df(Xk) > 0 away from critical points
of f . To show this, we introduce another singular foliation: Let Ff (S) denote the
singular foliation defined by the level sets of f , where the regular points of f−1(c) are
oriented using the boundary orientation of f−1(−∞, c]. Now let Xf denote a vector
field directing Ff (S), and, fixing a Riemannian metric g on Y , let νξk and νpi denote
the unit vector fields normal to the planes of ξk and the pages of (B, pi), respectively.
Also let S0 ⊂ S denote the compact subsurface obtained as the exterior of the above
neighborhoods of singular points in Fpi(S). Outside a neighborhood of the binding,
νξk converges to νpi as k → ∞. It follows that the family of functions g(Xf , νξk)
converge to the function g(Xf , νpi) on S0 as k → ∞. Since X directs the open book
foliation and is a pseudo-gradient for f , it is never tangent to the level sets of f on S0.
This implies that g(Xf , νpi) can be bounded below by some positive constant µ > 0
on S0. Since g(Xf , νξk) converges to g(Xf , νpi) on S0 as k → ∞, it follows that it
can be bounded below by some positive constant µ−  > 0 on S0. This implies that
df(Xk) > 0 on S0, hence on all of S except at the critical points of f .
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4.4.2 From characteristic foliations to open book foliations
We now build towards the proof of Theorem 1.7. We begin by working locally near
singular points:
Lemma 4.21. Let (Y, ξ) be a contact 3-manifold with compatible open book (B, pi).
If the characteristic foliation on an embedded surface S ⊂ Y has an elliptic (resp.
hyperbolic) singularity at p ∈ S, then after a perturbation of the pages of the open
book (through open books supporting ξ) and an isotopy of S (rel ∂S) that preserves
the characteristic foliation, we may assume that p is an elliptic (resp. hyperbolic)
singularity of the open book foliation.
Proof. We begin with the elliptic case. We can find (1) a path γ from the singular
point p to the binding B whose interior is disjoint from S and (2) an ambient contact
isotopy that moves p to the binding and is the identity outside a small neighborhood of
γ. Observe that the contact isotopy preserves the characteristic foliation. Moreover,
since ξp = TpS is transverse to the binding B, we see that p is an elliptic point of the
open book foliation on S.
We now consider the hyperbolic case. In a neighborhood of p, we can choose local
coordinates (x, y, z) so that the contact structure is given by ξ = ker(dz + λ1x dy −
λ2y dx) and S is given by the points with z = 0, with p corresponding to the origin
(0, 0, 0); see [Gei08], especially Example 4.6.6 and the proof of Lemma 4.6.33. Here
λ1 and λ2 are the eigenvalues described in Section 2.1. Without loss of generality, we
assume λ1 > 0 > λ2.
We now define a two-dimensional foliation F on the neighborhood that locally
induces a singular foliation on S with a positive hyperbolic singularity at p; we will
then perturb the open book (B, pi) so that its pages coincide with F near p. To define
F , first consider the 1-form β = dz+ (λ1−λ2)y dx+ (λ1−λ2)x dy. Since β is closed,
Frobenius’ theorem implies that its kernel defines a foliation on the neighborhood,
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which will serve as our foliation F . The singular foliation on S = R2×{0} is directed
by the vector field Y = x∂x − y∂y (seen by noting that Y vanishes only at the origin
and satisfies β(Y ) = 0), which indeed has a hyperbolic singularity at the origin.
To set up the perturbation of (B, pi), let F0 denote the two-dimensional foliation
of the neighborhood of p induced by the pages of (B, pi). Since (B, pi) supports ξ and ξ
is tangent to {z = 0} at the origin, the foliation F0 must be transverse to the vertical
vector field ∂z near the origin. By restricting our neighborhood, we assume F0 is
transverse to ∂z throughout the neighborhood. Since F is also transverse to ∂z, it is
easy to show that we can isotope F0 through a family of foliations Ft transverse to ∂z
such that Ft agrees with F0 outside some neighborhood of p for all t and F1 agrees
with F inside some smaller neighborhood of p. This deformation defines a family
of open books (B, pit). Note that each intermediate open book (B, pit) supports ξ
because dα = (λ1 + λ2) dx ∧ dy is an area form on the leaves of each intermediate
foliation Ft of the neighborhood of p. The open book (B, pi1) induces an open book
foliation on S with a positive hyperbolic point at x.
To bring adapted Morse functions into the picture, we need a strengthening of the
above theorem.
Lemma 4.22. With notation as above, suppose that f : S → R is a Morse function
whose level sets are transverse to the characteristic foliation except at the singular
point p. Then the perturbation of the open book (B, pi) may be performed so that the
level sets of f are transverse to the open book foliation in a neighborhood of p, except
at p itself.
Proof. Again, we begin with the elliptic case. Fix local coordinates (x, y, z) near B
(where z gives the coordinate along B) in which α = dz + y dx − x dy. Since S is
tangent to ξ at p, we know that it is locally given by the graph of some function h(x, y)
that vanishes to first order at (x, y) = (0, 0). Since S is locally a graph z = h(x, y), we
4.4. A partial Giroux correspondence 61
can use (x, y) as local coordinates on S near p. In these coordinates, the restriction
of α to S is given by
α|S = (hx + y) dx+ (hy − x) dy.
The characteristic foliation is directed by the vector field X = (x−hy)∂x+(y+hx)∂y.
Observe that the open book foliation on S is directed by the vector field Y = x∂x+y∂y.
In these coordinates, we can express the Morse function as f(x, y) = ax2 +bxy+cy2 +
g(x, y), where the coefficients are given by the appropriate second derivatives of f at p
and g is a smooth function whose first and second derivatives all vanish at the origin.
A direct calculation gives
df(Y ) = 2ax2 + 2bxy + 2cy2 + gxx+ gyy.
The determinant of the Hessian matrix for df(Y ) at (x, y) = (0, 0) is −4b2 + 16ac.
This is a positive scalar multiple of the determinant of f at (x, y) = (0, 0), which is
−b2 +4ac. Since f has a critical point of index zero at (0, 0), it follows that −b2 +4ac
is positive and therefore df(Y ) has a critical point of even index at (x, y) = (0, 0).
Since df(Y ) = 0 at (x, y) = (0, 0), it follows that it is nonzero for all (x, y) 6= (0, 0) in
some neighborhood of (0, 0). It follows that the level sets of f are transverse to the
leaves of the open book foliation in a neighborhood of p, except at p itself.
Now consider the hyperbolic case. Let f : S → R be a Morse function whose level
sets are transverse to ξ except at p, where it has an index-one critical point. (One can
use [Sma61, Theorem B] to ensure the existence of such a function.) We claim the
level sets of f are transverse to F ′ in a neighborhood of p (except at p itself), which
amounts to proving that df(Y ) vanishes only at the origin. Since f has an index one
critical point at the origin, we can write f(x, y) = ax2 + bxy+ cy2 +g(x, y), where the
coefficients are given by the appropriate second partial derivatives of f at the origin
and g is a smooth function whose first and second partial derivatives all vanish at the
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origin. A direct calculation gives
df(Y ) = 2ax2 − 2cy2 − ygy + ygy + xgx − xgx.
Since df(Y ) vanishes at the origin, it suffices to show that the origin is a nondegenerate
critical point of even index. The determinant of the Hessian matrix for df(Y ) is −4ac,
and we will show that this value is strictly positive, i.e. a and c are nonzero and have
opposite signs.
For the sake of contradiction, suppose we have −4ac ≤ 0. Observe that the
characteristic foliation on R2×{0} is directed by the vector field X = λ1x∂x +λ2y∂y,
and the fact that the level sets of f are transverse to ξ away from the origin translates
to the inequality df(X) ≥ 0, with equality only at the origin. This implies that df(X)
has a local minimum at the origin, so the determinant of its Hessian matrix, which
we can calculate to be 16acλ1λ2 − b2(λ1 + λ2)2, must be nonnegative. However, the
supposed inequality −4ac ≤ 0 implies that the same expression must be nonpositive:
Indeed, in light of the inequalities λ1λ2 < 0 and b2(λ1+λ2)2 ≥ 0, it implies 16acλ1λ2 ≤
0 and thus 16acλ1λ2 − b2(λ1 + λ2)2 ≤ 0. It follows that 16acλ1λ2 − b2(λ1 + λ2)2 = 0,
which is only possible if b = ac = 0. However, this contradicts the inequality 4ac−b2 <
0, which holds because the Hessian of f must have strictly negative determinant at
the origin. We conclude −4ac > 0, as desired.
We now put these ingredients together to prove our partial converse to Ito and
Kawamuro’s result.
Proof of Theorem 1.7. Let (Y, ξ) be a contact 3-manifold equipped with a compatible
open book (B, pi). Suppose that S ⊂ Y is an embedded surface with transverse
boundary whose characteristic foliation is transverse to the regular level sets of a
self-indexing Morse function on S. We wish to perturb the open book and find an
isotopy of S (rel ∂S) that preserves the characteristic foliation on S and arranges for
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the open book foliation to be conjugate to the characteristic foliation near the critical
level sets of the Morse function.
By subdividing S using regular level sets of the Morse function, it suffices to treat
the case where f has a single critical point, i.e. the characteristic foliation on S has
a unique singular point. In the case where the singular point is elliptic, the claim
follows immediately from the above lemmas.
Suppose the singular point is hyperbolic. Let r0 denote the critical value f(p)
and let C = f−1(r0) denote the critical level set. All but one connected component
of C are smooth circles, transverse to the characteristic foliation. By applying the
transverse Alexander theorem (Theorem 3.15), we may assume these components of
C are braided via an ambient contact isotopy, hence transverse to the open book
foliation. The remaining component of C, which we’ll denote C0, is a wedge of two
circles that are transverse to the characteristic foliation except at p. By the preceding
lemmas, we may assume that p is also a hyperbolic point of the open book foliation
and that the level sets of f are transverse to the leaves of the open book foliation in a
neighborhood of p, except at p itself. In particular, the pair of open arcs comprising
C0\p are transverse to ξ and braided with respect to (B, pi) near p. The (proof of) the
transverse Alexander theorem ensures that we may use an ambient contact isotopy
that fixes a neighborhood of p to braid C0 \ p with respect to (B, pi). It follows that
the open book and characteristic foliations are conjugate near C.
4.5 Consequences
Interpreting model regions from Morse functions
The elementary regions from §4.2.3 have simple, useful interpretations when arising
from open books or contact structures. We first consider open book foliations. Bor-
rowing the diagrammatic language and naming conventions from §4.3.1, we call these
4.5. Consequences 64
+
a-disk s-annulus ss-pants
Figure 4.6. The standard regions from the Morse decomposition. The
orientations on the regions may be reversed, thereby reversing the orien-
tations on the boundaries. For the disk, this also reverses the sign of the
elliptic.
regions ss-annuli, a-disks, and ss-pants; see Figure 4.6. The following observation is
an immediate consequence of the definition of an open book foliation.
Observation 4.23. Consider a three-manifold with a fixed open book decomposition.
(a) The boundary of an a-disk with a positive (resp. negative) elliptic point is a
positively (resp. negatively) braided unknot meeting each page in a single point.
(b) If braids β and β′ cobound an s-annulus, then they are braid-isotopic.
(c) If braids β and β′ cobound a pair of ss-pants P , oriented so that ∂P = −β ∪β′,
then β′ is obtained from β by braid isotopy and the addition of a single half-
twist. Moreover, the sign of the half-twist agrees with the sign of the hyperbolic
point in P .
The only part of the observation which may not be immediately clear is part (c). For
a visual hint, see Figure 4.7.
We combine Observation 4.23 with the results from §4.4 to prove a key theorem:
Theorem 4.24. Let (Y, ξ) be a contact 3-manifold equipped with a compatible open
book. Suppose that transverse links L,L′ cobound an embedded surface S, oriented
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Figure 4.7. Local depiction of an embedded ss-pants region near the
page containing the hyperbolic point.
such that ∂S = −L∪L′, whose characteristic foliation is Morse-Smale with a unique
singular point x ∈ S.
(a) If x is a positive elliptic, then the transverse links L,L′ have braid representa-
tives β, β′ such that β′ is obtained from β by braid isotopy and the addition of
an unlinked strand.
(b) If x is a positive hyperbolic, then the transverse links L,L′ have braid represen-
tatives β, β′ such that β′ is obtained from β by braid isotopy and the addition
of a positive half-twist.
Proof. By Theorem 4.5, we may choose a Morse function f : S → R adapted to
the characteristic foliation on S. The characteristic foliation has a unique singular
point x ∈ S, so x is the unique critical point of the Morse function. We will assume
that x is a positive singularity and handle both the elliptic and hyperbolic cases
simultaneously.
Note that all but one of the connected components of the surface are annuli and the
remaining component is either a disk or a pair of pants. Moreover, the characteristic
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foliation on each annular component is linear (i.e. they are s-annuli) and the remaining
component is foliated as an a-disk or a pair of ss-pants. By Theorem 1.7, we may
isotope S (rel ∂S) while preserving its characteristic foliation so that the characteristic
and open book foliations on S are conjugate near the critical level set. In particular,
it follows that there exists  > 0 such that the characteristic and open book foliations
are conjugate on the subsurface N = f−1([c − , c + ]) ⊂ S, where c = f(x) is the
critical value. It follows that the level sets f−1(c± ) are braided, so we denote them
by β = f−1(c− ) and β′ = f−1(c+ ). These braids cobound a collection of s-annuli
and either an a-disk or a pair of ss-pants. Applying Observation 4.23, we see that
β′ is obtained from β by braid isotopy and the addition of an unlinked strand or a
positive half-twist. Since the characteristic foliation is linear on S \ N˚ , we see that β−
and β+ are transversely isotopic to L and L′, respectively. This proves the claim.
4.6 Characteristic foliations and quasipositivity
The following theorem shows that quasipositivity is intimately connected to contact
geometry. Its proof follows quickly from the results in §4.4-4.2.
Theorem 4.25. Suppose L and L′ are positively transverse links in (Y, ξ) cobounding
a surface S ⊂ Y , oriented so that ∂S = −L ∪ L′, whose characteristic foliation is
Morse-Smale and contains only positive singular points. If L is transversely isotopic
to the closure of a quasipositive braid with respect to an open book (F, ϕ) supporting
ξ, then the same is true for L′.
Proof. By Theorem 4.5, we may choose a Morse function f : S → R adapted to the
characteristic foliation on S such that all critical points have distinct values. Choose
regular values c0 < c1 < · · · < cn such that f−1(c0) = L, f−1(cn) = L′, and each
interval [ci, ci+1] contains precisely one critical value. This provides a sequence of
transverse links Li = f−1(ci) for i = 0, 1, . . . , n lying in S such that Li and Li+1
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are related as in Theorem 4.24. By hypothesis, L0 = L is transversely isotopic to a
quasipositive braid. Working inductively, it suffices to treat the case where there is
only one singular point in the characteristic foliation; that is, we may assume n = 1.
By Theorem 4.24, L and L′ have transverse braid representative β and β′ so that β′ is
obtained from β by braid isotopy and the addition of either a single unlinked strand
or a positive half-twist.
Since L is transversely isotopic to a quasipositive braid, the same is true of β. By
the transverse Markov theorem, it follows that β and this quasipositive braid have a
common positive stabilization, which we will denote β+. Any positive stabilization of
a quasipositive braid is quasipositive, so β+ is quasipositive.
There are two cases, corresponding to the type of singularity. Suppose x is an
elliptic point. Then β′ is obtained from β by adding a single unlinked strand. It is
easy to see that β′ is then transversely isotopic to a braid β′+ obtained from β+ by
adding a single unlinked strand. The braid β′+ is quasipositive, as desired. Otherwise,
x is a hyperbolic point. Then β′ is obtained from β by adding a single positive half-
twist. Since β has a positive stabilization β+ that is quasipositive, it suffices to show
that β′ has a positive stabilization β′+ that is obtained from β+ by adding a single
positive half-twist. This is the content of the next lemma, which will complete the
proof of Theorem 4.25.
Lemma 4.26. Suppose K1 is obtained from K0 by adding a half-twist. If K+0 is a
positive Markov stabilization of K0, then K1 has a positive Markov stabilization K+1
that is obtained from K+0 by adding a half-twist of the same sign.
Proof. The argument will be independent of the sign of the half-twist, so we assume
for convenience that it is positive. We argue by induction on the number of positive
stabilizations. If there are no positive stabilizations, then we can assume K+0 is braid
isotopic to K0. We will show that there is a link K+1 that is braid isotopic to K1
and is obtained from K+0 by adding a positive half-twist. Write the monodromy for
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K0 as ϕ̂0 and the monodromy for K1 as ϕ̂1 = Hα ◦ ϕ̂0. Since K+0 is braid isotopic
to K0, we can encode K+0 by a monodromy isotopic to ϕ̂+0 = h ◦ ϕ̂0 ◦ h−1 for some
diffeomorphism h of the page. Define the braid K+1 to be encoded by
ϕ̂+1 = h ◦ ϕ̂1 ◦ h−1 = h ◦Hα ◦ ϕ̂0 ◦ h−1 = Hh(α) ◦ ϕ̂+0 .
The first equality shows that K+1 is braid isotopic to K1, whereas the last equality
shows that K+1 is obtained from K+0 by adding a half-twist, as desired.
Now suppose the claim holds for braids obtained from K0 by braid isotopy and k
positive stabilizations. Assume K+0 is obtained from K0 by braid isotopy and k + 1
positive stabilizations. Then there is a braid K ′0 such that K+0 is obtained from K ′0 by
a single positive stabilization and K ′0 is obtained from K0 by k positive stabilizations.
The inductive hypothesis implies that there’s a braid K ′1 that’s obtained from K1 by
braid isotopy and positive stabilization and from K ′0 by adding a positive half-twist.
Letting ϕ̂′i denote the pointed monodromy encoding K ′i, we can assume that
ϕ̂′1 = Hα ◦ ϕ̂′0,
where α is an arc joining two marked points in the page. Since K+0 is obtained from
K ′0 by braid isotopy and a single positive stabilization, we can write
ϕ̂+0 = h ◦ ϕ̂′0 ◦ h−1 ◦Hβ,
where β is an arc joining the marked point pn to a new marked point pn+1 near the
boundary. Define a new braid K+1 whose monodromy is given by
ϕ̂+1 = Hh(α) ◦ ϕ̂+0 = Hh(α) ◦ (h ◦ ϕ̂′0 ◦ h−1 ◦Hβ).
By definition, K+1 is obtained from K+0 by adding a positive half-twist. To see that
it is a positive stabilization of K ′1, we note the equation
ϕ̂+1 = Hh(α) ◦ (h ◦ ϕ̂′0 ◦ h−1 ◦Hβ) = h ◦ (Hα ◦ ϕ̂′0) ◦ h−1 ◦Hβ = h ◦ ϕ̂′1 ◦ h−1 ◦Hβ.
The rightmost expression shows that the braid K+1 is clearly obtained from K ′1 by
braid isotopy and a single positive stabilization, as desired.
Chapter 5
Complex curves in Stein domains
As mentioned in Chapter 1, the tradition of studying complex varieties in Cn via
their intersection with smooth hypersurfaces has played a motivating role in knot
theory almost since its inception. For n = 2, the study of braids has been tied
especially tightly to this line of inquiry. As discussed in Chapter 2, work of Rudolph
and Boileau-Orevkov showed that quasipositive links in S3 are precisely those links
which arise as transverse intersections of the unit sphere S3 ⊂ C2 with complex plane
curves.
Many of these ingredients have natural analogs when C2 is replaced with an arbi-
trary Stein surface, a complex surface X that admits a proper biholomorphic embed-
ding as a closed subset in some Cn. In this setting, the role of the unit three-sphere
in C2 is played by a hypersurface Y ⊂ X of constant radius in Cn. The region in X
bounded by Y is a Stein domain. Any such level set Y in X has a natural contact
structure ξ given by complex tangent lines, and we can define Stein quasipositive
braids and links with respect to open book decompositions of Y compatible with ξ
as in Chapter 3. For the other half of the analogy, we say that a link in Y is a
transverse C-link (or simply a C-link) if it is isotopic to the transverse intersection of
Y with a complex curve in X. The main result of this chapter generalizes the results
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of Rudolph and of Boileau and Orevkov to Stein surfaces:
Theorem 1.5. A link in a Stein-fillable contact 3-manifold is isotopic to the boundary
of a holomorphic curve in some Stein filling if and only if it is isotopic to the closure
of a quasipositive braid with respect to a positive open book supporting the contact
structure.
Remark 5.1. This theorem’s forward implication appeared as the main result of
[Hay17]. The reverse implication is joint work with Inanc Baykur, John Etnyre, Matt
Hedden, Keiko Kawamuro, and Jeremy Van Horn-Morris.
As a byproduct of the proof of Theorem 1.5, we obtain the following:
Theorem 5.2. Let X be a Stein cobordism from (Y, ξ) to (Y ′, ξ′) admitting a Stein
handlebody decomposition with no 2-handles. If a link L ⊂ Y ′ bounds a properly
embedded holomorphic curve in X, then L is transversely isotopic to the closure of a
quasipositive braid with respect to any open book on Y ′ supporting ξ′.
In contrast with [BO01], our proof of the forward direction of Theorem 1.5 is essen-
tially three-dimensional; more specifically, we use the tight connection between char-
acteristic foliations and open book foliations on surfaces in a contact three-manifold
established in Chapter 4. In the case where ∂X admits a planar open book decompo-
sition, Hedden had previously shown in [Hed] that quasipositivity is also a sufficient
condition for a braid to bound a complex curve. This is an essential ingredient of the
reverse implication in Theorem 1.5.
In a different direction, we point out that the relative version of the symplectic
Thom conjecture implies that the surfaces constructed in the proof of Theorem 1.5
are genus-minimizing in their relative homology classes; see [GK16].
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5.1 Stein surfaces
A complex manifold is Stein if it admits a proper biholomorphic embedding as a
closed subset of some Cn. We take particular interest in Stein surfaces, which are Stein
manifolds of complex dimension two, and Stein cobordisms between contact manifolds.
Every Stein manifoldX admits a so-called J-convex function ρ : X → [0,∞), where J
denotes the induced almost-complex structure on TX. In our setting, the condition of
J-convexity is equivalent to requiring that each regular level set ρ−1(c) has a natural
contact structure defined by the field of complex tangent lines. This contact structure
can also be described as the kernel of the 1-form given by restricting ηρ = −dCρ to
the level set, where dC = J∗d. The 2-form ωρ = dηρ defines a symplectic structure
on X that is compatible with J , so we can define an associated Riemannian metric
by gρ(·, ·) = ωρ(·, J ·). The gradient vector field vρ of ρ is complete with respect to gρ
and is Liouville for ωρ.
The techniques used in this chapter apply equally well to four-manifolds W with
a Weinstein structure, i.e. a triple (ω, ρ, v) where ω is a symplectic form, ρ : W → R
is an exhausting generalized Morse function, and v is a complete vector field which is
Liouville for ω and gradient-like for ρ; see [CE12] for more. Every Stein manifold has
a natural Weinstein structure given by the triple (ωρ, ρ, vρ) described above. We also
consider Weinstein cobordisms between contact manifolds, and the following example
plays a central role in this paper.
Example 5.3 (Symplectization of a contact manifold). Given a contact three-manifold
(Y, ξ) with ξ = kerα, we can define its symplectization Symp(Y, ξ) to be the manifold
with underlying diffeomorphism type Y × R and symplectic form ω = d(etα). The
symplectization has a natural projection ρ : Symp(Y, ξ)→ R and a canonical “cylin-
drical” almost-complex structure such that the contact structure ξ on each level set
Y × {c} is given by complex tangent lines.
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For any Weinstein domain (W,ω, ρ, v), we may consider a handle decomposition
of W defined by ρ. Of particular importance to us is the fact that the 2-handles
have Legendrian attaching circles. We also note that the cores of the 2-handles are
Lagrangian (i.e. half-dimensional submanifolds on which ω vanishes). We borrow the
following precise statement from [CE12, Lemma 11.13].
Proposition 5.4. Let (W,ω, ρ, v) be a Weinstein four-manifold.
(a) The stable manifold V −p of any critical point p ∈ W of ρ satisfies (ιvω)|V −p ≡ 0.
In particular, V −p is isotropic for the symplectic structure ω and the intersection
V −p ∩ ρ−1(c) with any regular level set is isotropic for the contact structure
induced by ιvω on ρ−1(c).
(b) Suppose ρ has no critical values in [a, b]. Then the image of any isotropic sub-
manifold Λa ⊂ ρ−1(a) under the flow of v intersects ρ−1(b) in another isotropic
submanifold Λb.
For a thorough exposition of the theory of Stein and Weinstein manifolds, we refer
the reader to [CE12].
5.2 Ascending surfaces, C-links, and
quasipositivity
In this section we prove the forward implication in Theorem 1.5. We appeal to the
flexible notion of an ascending surface, the precise definition of which will be given
below. In fact, we prove the following more general statement:
Theorem 5.5. Let Σ be an ascending surface with positive critical points in a Stein
cobordism X between (Y0, ξ0) and (Y1, ξ1). If K0 = Σ∩Y0 is transversely isotopic to a
quasipositive braid in an open book compatible with ξ0, then K1 = Σ∩Y1 is transversely
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isotopic to a quasipositive braid in an open book compatible with ξ1. Moreover, if K0
is Stein quasipositive, then so is K1.
We introduce ascending surfaces in §5.2.1 and explain how the forward implication
from Theorem 1.5 follows from Theorem 5.5. We then prove Theorem 5.5 in §5.2.2.
5.2.1 Ascending surfaces
The notion of an ascending surface in C2 was defined by Boileau-Orevkov, but their
definition naturally extends to any Stein four-manifold (X, ρ).
Definition 5.6. A smoothly embedded, oriented surface Σ ⊂ X is ascending if Σ
contains no critical points of ρ|X , the restriction ρ|Σ is a Morse function, and each
regular level set ρ|−1Σ (c) is a positively transverse link in the contact hypersurface
ρ|−1X (c).
Remark 5.7. (a) This definition works equally well in any Weinstein cobordism
between contact manifolds. (b) For an equivalent definition that would better mirror
the original definition by Boileau-Orevkov, we could replace the third condition with
the inequality (−dρ∧ dCρ)|Σ > 0 at regular points of ρ|Σ. For a Weinstein cobordism
(W,ω, ρ, v), the analogous 2-form is given by dρ ∧ ιvω.
The following construction will be essential to our proofs of the main theorems.
Example 5.8 (Push-in of a convex surface). Let S ⊂ (Y, ξ) be a smoothly embedded
surface whose boundary ∂S is a positively transverse link and whose characteristic
foliation is Morse-Smale and contains no closed leaves. Choose a vector field v direct-
ing the characteristic foliation. By Theorem 4.5, there is a Morse function f : S → R
such that df(v) > 0 at nonzero points of v and f(S) ⊂ (−∞, 0] with f |∂S ≡ 0.
Viewing Y × (−∞, 0] as part of the symplectization of (Y, ξ), we can define a surface
Σ ⊂ Y × (−∞, 0] to be the graph of f over S ⊂ Y . The requirement df(v) > 0 at
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Figure 5.1. Building a Bennequin surface.
regular points implies that regular level sets of f are positively transverse links, so it
is clear that Σ is an ascending surface in Y × (−∞, 0] ⊂ Symp(Y, ξ).
Example 5.9 (Push-in of an immersed Bennequin surface). Suppose a transverse
braid K in (Y, ξ) is encoded by a pointed open book (F, P, ϕ̂) where the monodromy
can be factored in the form
ϕ̂ = H1α1 ◦ · · · ◦H`α` ◦ ϕ
where ϕ fixes a collar neighborhood N of ∂F containing the marked points and
j = ±1. Fix a set of disjoint arcs A in N joining the marked points to ∂F and
let S0 ⊂ Y be the disjoint union of disks swept out by this family of arcs; see
Figure 5.1(b). Now attach 1-handles hj to S0 as follows: The core of hj will be
a copy of the arc αj lying in the page Fθj for θj = 2pij/(` + 1). We can extend this
core to a once-twisted band hj whose sign agrees with that of j; see Figure 5.1(c).
In general, the twisted bands may intersect the interiors of the disks S0 transversely
along embedded “ribbon” arcs. Let S denote the resulting immersed “Bennequin”
surface for K.
The open book foliation on the immersed surface S is Morse-Smale and has posi-
tive elliptic points along the binding and hyperbolic points along the twisted bands.
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Using [IK14, Theorem 2.21], we can isotope ξ (away from ∂S) to another contact
structure ξ′ so that the characteristic foliation on S is conjugate to the open book
foliation. By Gray’s theorem, there is an induced isotopy of S rel boundary so that
ξ itself induces the desired characteristic foliation. Now let f : S → R be a Morse
function that has a gradient-like vector field that directs the characteristic foliation.
Since any self-intersections of S occur between a disk in S0 ⊂ S and part of a twisted
band lying in S \ S0, we can modify f on the disks (in particular, decrease its value)
so that the level sets of f are all embedded. As in Example 5.8, the graph of f is an
embedded ascending surface in Symp(Y, ξ).
Recall that a point p in a smooth surface Σ ⊂ X is said to be complex if TpΣ is
a complex line in TpX. The following proposition extends an observation made by
Boileau-Orevkov for ascending surfaces in C2.
Proposition 5.10. Every critical point of an ascending surface is complex.
Proof. An ascending surface Σ ⊂ X must be tangent to a level set of ρ at any critical
point p of ρ|Σ, so it suffices to show that TpΣ lies in the kernel of η = −dCρ. Consider
the equivalent characterization from Remark 5.7: For any volume form ν on Σ, we
can write
(dρ ∧ η)|Σ = fν
for some non-negative function f on Σ that vanishes only at critical points of ρ|Σ.
Since f is non-negative, it vanishes to even order at critical points, hence the same is
true for the 2-form (dρ∧ η)|Σ. But since ρ|Σ is Morse, it vanishes precisely to second
order at its critical points. This implies that dρ|Σ vanishes precisely to first order.
Since (dρ ∧ η)|Σ vanishes to at least second order, we conclude that η|Σ must also
vanish at critical points.
Given an oriented smooth surface Σ ⊂ X, every complex point p ∈ Σ can be
described as positive or negative according to whether the intrinsic orientation on
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TpΣ agrees or disagrees, respectively, with the complex orientation. In general, we
can further classify complex points as elliptic or hyperbolic; see [OS04, Definition 8.3.3]
for the general definition. In the case where Σ is an ascending surface, it suffices to
define a critical complex point of Σ to be elliptic if the Morse index of ρ|Σ is even
and hyperbolic otherwise.
Proposition 5.11. If Σ is an ascending surface in Symp(Y, ξ) and p ∈ Σ is a critical
point of ρ|Σ with ρ(p) = c, then there is an open disk D ⊂ Y ×{c} containing p such
that Σ is locally a graph over D. Moreover, the characteristic foliation of D has a
singularity at p whose type and sign agree with the type and sign of p as a critical
complex point in Σ.
Proof. The first claim follows from the fact that any critical point p ∈ Σ of ρ|Σ
has a neighborhood on which the projection Symp(Y, ξ) → Y × {c} restricts to an
embedding. Let D ⊂ Y × {c} be the image of such a neighborhood. Since D is
tangent to Σ at p and has its orientation defined by Σ, we see that p is a complex
point of D whose sign agrees with that of p as a complex point of Σ. We also observe
that the image of the level sets of ρ|Σ near p print a singular foliation on D whose
regular leaves are positively transverse to ξ and thus to the leaves of the characteristic
foliation on D. These leaves are level sets of a Morse function on D with a critical
point at p whose Morse index agrees with the Morse index of ρ|Σ at p. It follows that,
as a singular point of the characteristic foliation, the type and sign of the singular
point p agrees with its type and sign as a critical complex point of Σ.
Remark 5.12. We will see that the above proposition extends to ascending surfaces
in arbitrary Stein cobordisms by applying Lemma 5.17 in §5.2.2.
Finally, the following proposition shows that the forward implication of Theo-
rem 1.5 is a special case of Theorem 5.5.
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Proposition 5.13. A generic pseudoholomorphic curve is ascending with positive
critical points.
Proof. A generic pseudoholomorphic curve Σ ⊂ X avoids the critical points of ρ|X
and is such that ρ|Σ is Morse. Since Σ is pseudoholomorphic, every point is complex
and positive, including the critical points. It thus remains to show that regular level
sets of ρ|Σ are transverse links. To see this, note that the contact structure ξ on each
regular level set of ρ|X consists of complex lines, so its intersection with TΣ always
has complex dimension zero or one. It follows that Σ ∩ ρ−1(c) is transverse to the
contact structure except at critical points, where we have TpΣ = ξp ⊂ Tρ−1(c).
5.2.2 Ascending surfaces and quasipositivity
Before addressing the general case of a Stein cobordism, we consider ascending sur-
faces in the symplectization of a contact three-manifold.
Proposition 5.14. Let (Y, ξ) be a contact three-manifold containing transverse links
K0 and K1, and suppose that there is an ascending cobordism with positive critical
points from K0 to K1 in Symp(Y, ξ).
(a) If K0 is transversely isotopic to a quasipositive braid in an open book decompo-
sition compatible with ξ, then the open book may be isotoped so that K1 is also
transversely isotopic to a quasipositive braid.
(b) If K0 is Stein quasipositive, then K1 is also Stein quasipositive.
Proof. For the sake of a simplified statement, we consider the empty set to be a
quasipositive transverse link. Note that the claim in part (a) is immediate if ρ|Σ has
no critical points, for in that case K1 is transversely isotopic to K0. In general, by
subdividing the cobordism, it suffices to prove the claim in the case where ρ|Σ has
at most one critical point. Assume this is true and that p ∈ (ρ|Σ)−1(c) is the unique
critical point.
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Suppose that the index of ρ|Σ at p is zero. By Proposition 5.11, it is easy to see
that ρ−1(c + ) consists of the disjoint union of K0 and a small transverse unknot
U with maximum self-linking number. By hypothesis, there is a transverse isotopy
taking K0 to a quasipositive braid. We can extend this to a transverse isotopy that
carries U to a trivial braid with one strand. Thus K1 is transversely isotopic to a
quasipositive braid.
Next suppose that the index of ρ|Σ at p is one. By Proposition 5.11, we know
that the projection Symp(Y, ξ) → Y restricts to an embedding on Σ near p. Since
the ascending condition is an open condition away from the critical points of ρ|Σ, we
can apply a slight perturbation (supported away from p) so that Σ remains ascending
and so that the projection Symp(Y, ξ)→ Y now restricts to an embedding on a small
neighborhood of the entire critical level set ρ|−1Σ (c) in Σ. Choosing  > 0 sufficiently
small, we can let S ⊂ Y denote the embedded image of ρ−1([c−, c+]) in Σ under the
projection Symp(Y, ξ) → Y . For convenience, we disregard any annular connected
components of S and view S as the embedded pair-of-pants containing the critical
level set as its core. The boundary of S is transverse to ξ and its characteristic
foliation has one positive hyperbolic point and no elliptic points. The claim in part
(a) now follows from Theorem 4.25.
Part (b) now follows from part (a) in the case where K0 is encoded by an abstract
pointed open book that is Stein quasipositive. In particular, since the ambient open
book is modified only by isotopy, we can realize the additions of strands and positive
half-twists abstractly while preserving the factorization of the underlying monodromy
into positive Dehn twists along homologically nontrivial curves.
We highlight two corollaries: First, since any complex curve in C2 can be perturbed
to lie in C2 \ {0} ∼= Symp(S3, ξst), we recover the theorem of Boileau and Orevkov.
Corollary 5.15 (Boileau-Orevkov). Every C-link in ∂B4 ⊂ C2 is quasipositive.
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Second, applying Proposition 5.14 to Example 5.8 yields the following corollary.
Corollary 5.16. If a transverse link K in (Y, ξ) bounds a Seifert surface whose char-
acteristic foliation is Morse-Smale and contains no negative singularities or attracting
closed leaves, then K is transversely isotopic to a quasipositive braid with respect to
any open book compatible with ξ.
Proof. We note that any repelling closed leaves can be eliminated while preserv-
ing positivity of the characteristic foliation’s singularities by introducing a positive
elliptic-hyperbolic pairs as in Figure 6.5. Now we apply the construction in Exam-
ple 5.8 to the surface and use Proposition 5.14(a) to conclude that K is quasipositive
with respect to any compatible open book for (Y, ξ).
We now consider an arbitrary Stein domain (X, ρ). By definition, an ascending
surface Σ in X is sensitive only to the function ρ and the contact structure on level
sets of ρ. Through this lens, any noncritical region of a Stein cobordism looks like
the symplectization of a regular level set.
Lemma 5.17. Suppose (X, ρ) is a compact Stein cobordism with no critical points
and let (Y, ξ) be a regular contact hypersurface ρ−1(c). Then there is a diffeomorphism
ψ : Y × [a, b] ⊂ Symp(Y, ξ)→ X
such that ψ∗ρ is the second-coordinate projection and ψ restricts to a contactomor-
phism between the level sets of ρ and ψ∗ρ.
Proof. For notational convenience, we’ll assume that c = 0. As a first step, we
construct a diffeomorphism Y × [a, b]→ X that pulls ρ back to the second-coordinate
projection. Let v be the gradient of ρ defined in §5.1. Since ρ has no critical points
and X is compact, the function f = 1/dρ(v) is bounded. By the completeness of v
and the boundedness of f , the multiple v′ = fv is also complete. This vector field
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satisfies dρ(v′) ≡ 1 and is complete, so the flow of v′ defines a diffeomorphism from
Y × [a, b] to X that pulls ρ back to the second-coordinate projection.
Now let ζ0 be the vertically invariant plane field on Y × [a, b] defined by ξ on each
level set, and let ζ1 be the plane field obtained by pulling back the natural contact
structure on each level set of ρ in X under the diffeomorphism constructed above.
We will show that there’s an isotopy of Y × [a, b] preserving level sets that carries ζ0
to ζ1. Choose 1-forms α0 and α1 such that ζi = ker(dt ∧ αi). Now define a family of
maps
pis : Y × [a, b]→ Y × [a, b]
pis(y, t) = (y, st).
The map pis restricts to a diffeomorphism from Y × {t} to Y × {st} for all s ∈ [0, 1]
and t ∈ [a, b]. The induced family of 1-forms αs = pi∗sα1 on Y × [a, b] interpolates
between α0 and α1 as defined above because pis is the projection Y × [a, b]→ Y ×{0}
for s = 0 and is the identity for s = 1. It is also easy to see that each αs restricts to
a contact form on each Y × {t}.
From here, the standard Moser’s trick argument allows us to find a vector field Vs
such that
(i) Vs is tangent to the level sets Y × {t},
(ii) Vs lies in kerαs, and
(iii) the flow ψs of Vs satisfies ψ∗sαs = λsα0 for some family of smooth positive
functions λs on Y × [a, b].
The diffeomorphism ψ1 of Y × [a, b] preserves level sets and is seen to carry ζ0 to ζ1:
(ψ1)∗ζ0 = (ψ1)∗ ker(dt ∧ α0) = (ψ1)∗ ker(dt ∧ λ1α0) = ker(dt ∧ α1) = ζ1.
It follows that the composition of ψ1 with the original map Y × [a, b] → X provides
the diffeomorphism described in the proposition.
5.2. Ascending surfaces, C-links, and quasipositivity 81
Remark 5.18. The above proof can easily be adapted for the case where X is non-
compact but ρ is bounded, with Y × [a, b] replaced by a product with an open or
half-open interval.
We can now complete the proof of Theorem 5.5.
Proof of Theorem 5.5. By hypothesis, there is an ascending surface Σ with positive
critical points in a Stein cobordism X between (Y0, ξ0) and (Y1, ξ1), where the link
K0 = Σ ∩ Y0 is transversely isotopic to a quasipositive braid with respect to some
compatible open book (B0, pi0). Our goal is to find a compatible open book for (Y1, ξ1)
with respect to which K1 = Σ ∩ Y1 is transversely isotopic to a quasipositive braid.
By subdividing X, it suffices to consider the case where X contains at most one
critical point. Note that, by the C2-openness of J-convex functions, we may assume
the critical values of ρ|X and ρ|Σ are all distinct.
If X contains no critical points, then for any value c there’s a diffeomorphism from
a compact piece of Symp(ρ−1(c)) to X of the form described in Lemma 5.17. By that
lemma and the definition of an ascending surface, it is easy to see that Σ ⊂ X pulls
back to an ascending surface with positive critical points in Symp(ρ−1(c)). The claim
then follows from Proposition 5.14.
Now suppose that ρ|X has a single critical point, the value of which we will denote
by c. For any  > 0, we can further subdivide X into three pieces: two exterior pieces
where |ρ − c| >  and an interior piece where |ρ − c| ≤ . It suffices to prove the
claim for the interior piece. First consider the case where the critical point of ρ|X has
Morse index zero. This is equivalent to considering ascending surfaces that miss the
origin in the standard Stein B4 ⊂ C2, so the ascending surface can be viewed in the
symplectization of the standard tight three-sphere, where the desired claim follows
from Proposition 5.14.
Next consider the case where the critical point of ρ|X has Morse index one. By
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choosing  sufficiently small, we can assume that ρ|Σ has no critical points in X. The
level set Y1 = ρ−1(c + ) is obtained from Y0 = ρ−1(c − ) by removing a pair of
small Darboux balls and attaching a copy of S2 × I with the appropriate contact
structure. After positive Hopf stabilization, we can assume that Y0 is equipped with
an open book (B0, pi0) such that (1) the attaching region A for the 1-handle lies along
the binding B0 and (2) the transverse link K0 = Σ ∩ Y0 is transversely isotopic to a
quasipositive braidK+0 with respect to (B0, pi0). (Note that positive Hopf stabilization
of a pointed open book preserves quasipositivity.) Moreover, since the attaching
region A is a pair of small Darboux balls, we may assume that the transverse isotopy
between K0 and K+0 is performed in the complement of A. Now we construct a
natural open book on Y1 that extends the open book on Y0: By an argument similar
to the one used in the proof of Lemma 5.17, there is an embedding
Ψ : (Y0 \ A)× [c− , c+ ] ↪→ X
pulling ρ back to the second-coordinate projection and restricting to a contact embed-
ding on each level set. Since Σ avoids the critical points of ρ|X , we can also assume
that Σ lies in the image of this embedding. Define an embedding ψ : Y0 \ A ↪→ Y1
by sending y ∈ Y0 \ A to Ψ(y, c+ ) in Y1. We can carry the partial open book from
Y0 \A to Y1 using ψ and then extend it in the natural way over the 1-handle in Y1 to
define a compatible open book (B1, pi1). Abstractly, this can be described as follows:
if (B0, pi0) is encoded by (F0, ϕ0), then (B1, pi1) is encoded by (F1, ϕ1) where F1 is
the union of F0 and an oriented 1-handle and ϕ1 is the extension of ϕ0 to F1 via the
identity on the 1-handle.
Now the quasipositive braid K+0 with respect to (B0, pi0) in Y0 \ A induces a
quasipositive braid K+1 = ψ(K+0 ) with respect to (B1, pi1) in ψ(Y0 \ A) ⊂ Y1. Since
the transverse isotopy between K0 and K+0 lies in the domain of ψ, the transverse
link ψ(K0) in Y1 is transversely isotopic to K+1 in Y1. And since Σ lies in the image of
Ψ and we have assumed ρ|Σ has no critical points in X, we can use Ψ and Σ to realize
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a transverse isotopy between ψ(K0) and K1 in Y1. It follows that K1 is transversely
isotopic to the quasipositive braid K+1 with respect to (B1, pi1).
Finally, we must consider the case where the critical point of ρ|X has Morse index
two. In this case, the argument is nearly identical to the preceding case. The primary
difference is that the attaching region A of the Stein 2-handle is a neighborhood
of a Legendrian knot Λ in (Y0, ξ0); see Proposition 5.4. However, any open book
compatible with ξ0 has a positive Hopf stabilization containing the Legendrian knot
Λ in a page; see [Etn06, Corollary 4.23]. Given an open book with the desired
form, we now note that the contact three-manifold (Y1, ξ1) is obtained from (Y0, ξ0)
by Legendrian surgery along Λ. As above, we can construct a family of contact
embeddings Y0 \A ↪→ ρ−1(t) for t near c and produce the desired open book (B1, pi1)
from (B0, pi0). Abstractly, this corresponds to inserting a positive Dehn twist along
the representative of Λ in the page of the open book. It remains to show that K1
is transversely isotopic to a quasipositive braid with respect to (B1, pi1). The family
of contact embeddings Y0 \ A ↪→ ρ−1(t) also lets us pull Σ back to an ascending
surface in Symp(Y0 \ A, ξ0) with no critical points. By the transverse Alexander and
Markov theorems, we can find braid representatives of K0 and K1 encoded by pointed
open books that are related by positive Markov stabilization and destabilization and
the addition of a positive Dehn twist. By an argument analogous to the proof of
Lemma 4.26, it is easy to show that these operations preserve the property of being
transversely isotopic to a quasipositive braid.
In the case whereK0 = Σ∩Y0 is transversely isotopic to a Stein quasipositive braid
with respect to the original open book compatible with ξ0, it is clear that K1 is Stein
quasipositive with respect to the resulting open book compatible with ξ1 because we
have modified the original underlying open book only by adding 1-handles, inserting
positive Dehn twists, and performing positive Hopf stabilizations.
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5.3 Constructions of symplectic surfaces
In this brief section, we prove the following:
Theorem 5.19. Every Stein quasipositive link in a Stein-fillable contact three-manifold
bounds a symplectic surface in some Stein filling.
Our strategy will be to construct ascending surfaces with positive critical points
and then perform an isotopy to make the surfaces symplectic. This requires a lemma
adapted from [BO01].
Lemma 5.20. Let Σ be an ascending cobordism with positive critical points in Symp(Y, ξ)
between transverse links K0 and K1 in (Y, ξ). Then Σ can be made symplectic through
a compactly supported isotopy of ascending surfaces.
Proof. For any constant a ≥ 1, define a diffeomorphism ψa of Y × R by ψa(t, y) =
(at, y). Assume that Σ is cylindrical outside of [T−, T+] and let Σ′ = Σ∩ [T−, T+]. We
will first show that for a 1, we have ω|ψa(Σ′) > 0, i.e. ψ∗a(ω)|Σ′ > 0. An elementary
calculation gives
ψ∗a(ω) = aeatdt ∧ α + eatdα = e(a−1)t
(
(a− 1)et dt ∧ α + ω
)
.
Recall that (dt∧α)|Σ ≥ 0, with equality if and only if the point in Σ is a singular point
of ρ|Σ. In terms of a volume form ν for Σ, this means we can write et(dt∧α)|Σ as f ·ν
with f ≥ 0. Similarly, we can write ω = g · ν. Note that g > 0 on a neighborhood of
each critical point of ρ|Σ because Σ is ascending with positive critical points. Using
the compactness of Σ′, it follows that ψ∗a(ω)|Σ′ > 0 for a  1 and thus ψa(Σ′) is
symplectic. Outside of ψa(Σ′), the surface ψa(Σ) is cylindrical over transverse links.
It follows that ψa(Σ) is a symplectic cobordism between K0 and K1. Moreover, it
is easy to check that ψa(Σ) remains ascending with positive critical points for all
a ≥ 1.
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Remark 5.21. (a) The above lemma holds for arbitrary contact three-manifolds.
(b) In the case where (Y, ξ) is symplectically fillable and K0 = ∅, the relative sym-
plectic Thom conjecture implies that the surfaces constructed are genus-minimizing.
One might ask whether or not this remains true when the contact structure is over-
twisted.
The desired surfaces can now be constructed using Example 5.9 and Lemma 5.20.
Proof of Theorem 5.19. Let (Y, ξ) denote the contact three-manifold in question. By
hypothesis, we have a transverse braid K in Y encoded by a Stein quasipositive
pointed open book (F, P, ψ̂ ◦ ϕ) where ψ̂ is a product of positive half-twists and
ϕ = Dγ1 ◦ · · · ◦ Dγm is a product of positive Dehn twists along homologically non-
trivial simple closed curves γj in F . The modified pointed open book (F, P, ψ̂ ◦ id)
is a quasipositive braid K0 in Y0 = #k(S1 × S2) for k = 2g(F ) + |∂F | − 1. The
associated contact structure ξ0 is the unique Stein-fillable contact structure obtained
from viewing Y0 as the boundary of the subcritical Stein domain X0 = \k(S1 × B3).
As constructed in Example 5.9, we can find an ascending surface Σ with positive
critical points in a compact piece Y0 × (−, 0] of the symplectization Symp(Y0, ξ0).
By applying Lemma 5.20 and allowing  to increase, we can isotope this surface to be
symplectic. After stretching a collar neighborhood of ∂X0, the surface Σ in Y0×(−, 0]
embeds properly and symplectically into X0. By construction, the boundary of Σ is
the transverse link K0 encoded by (F, P, ψ̂ ◦ id).
Using the Legendrian Realization Principle (see [Yam07] for this special case),
we can realize the homologically nontrivial curves γj as Legendrian knots Λj lying
on distinct pages Fθj in (Y0, ξ0) for increasing θj ∈ (pi, 2pi); here we scale θ so that
all nontrivial braiding occurs while θ lies in (0, pi). Performing surgery with the page
framing along each Λj corresponds to modifying the pointed open book by introducing
a positive Dehn twist along each γj in order of increasing θj. The result reproduces
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the original pointed open book (F, P, ψ̂ ◦ ϕ). These surgeries can be realized by
attaching Stein 2-handles along the Legendrian knots Λj to produce a Stein filling X
of (Y, ξ). Moreover, since the handles are attached away from the boundary of Σ, the
symplectic structure near Σ is unchanged. It follows that Σ is a symplectic surface
in X whose boundary is the original link K.
5.4 Constructions of complex curves
We now prove the reverse implication from Theorem 1.5.
Theorem 5.22. Every Stein quasipositive braid bounds a complex curve in some
Stein filling of the open book.
The theorem is derived from the subcritical case using a simple construction. We
also observe that the theorem is optimal in the sense that there exist Stein-fillable
open books containing Stein quasipositive braids that fail to bound complex curves
in at least one of the Stein fillings. One such example, set in the universally tight
contact structure on L(4, 1), is discussed in Example 5.26.
Recall that a contact 3-manifold (Y, ξ) bounds a Stein domain if and only if ξ is
compatible with an open book (F, ϕ) whose monodromy ϕ can be factored as product
of positive Dehn twists along homologically nontrivial simple closed curves in F . We
say that this open book is Stein-fillable, and each such factorization of the monodromy
ϕ gives rise to an explicit Stein filling X of (Y, ξ). Briefly, this construction takes the
the unique subcritical Stein filling X0 of the open book (F, id), and then builds up X
by attaching Stein 2-handles along Legendrian realizations of the Dehn twist curves
in pages of (F, id) using the following theorem of Eliashberg:
Theorem 5.23 ([Eli90]). Suppose that X is a Stein domain and Λ ⊂ ∂X is a Legen-
drian knot. By attaching a Weinstein 2-handle H to X along Λ, the Stein structure
can be extended to X ∪H.
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The main theorem will be derived from the following special case:
Theorem 5.24 ([Hed]). If a knot K in Y0 = #k(S1 × S2) can be represented by a
Stein quasipositive braid with respect to the standard planar open book for Y , then K
bounds a complex curve in the subcritical Stein filling X0 = \k(S1 ×B3) of Y0.
Note that the preceding theorem relies on the standard planar open book for
#k(S1×S2). The following theorem gives us the flexibility to work with certain non-
planar open books supporting the same standard contact structure; it is an immediate
corollary of [Hay17, Example 4.4] and [Hay17, Proposition 4.9]:
Theorem 5.25. Let K be a transverse link with respect to the standard tight contact
structure ξ0 on Y0 = #k(S1 × S2). If K can be represented by a Stein quasipositive
braid with respect to an open book whose monodromy is the identity, then K can be
represented by a Stein quasipositive braid with respect to any other compatible open
book.
We now prove Theorem 5.22.
Proof of Theorem 5.22. Let (Y, ξ) denote the contact three-manifold corresponding
to the Stein-fillable open book. By hypothesis, we have a transverse braid K in Y
encoded by a Stein quasipositive pointed open book (F, P, ϕ̂) where ϕ̂ is a product of
positive half-twists followed by a sequence of positive Dehn twists Dγ1 ◦· · ·◦Dγm along
homologically nontrivial simple closed curves γj in F . By forgetting the Dehn twists,
we obtain a pointed open book (F, P, ϕ̂0) encoding a Stein quasipositive braid K0 in
Y0 = #k(S1×S2) with k = 2g(F )+|∂F |−1. The associated contact structure ξ0 is the
unique Stein-fillable contact structure obtained from viewing Y0 as the boundary of
the subcritical Stein domain X0 = \k(S1×B3). By Theorem 5.25, K0 is transversely
isotopic to a quasipositive braid K ′0 with respect to any compatible open book for
(Y0, ξ0). Choosing this open book to be the standard planar one, we can apply
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Theorem 5.24 to find a complex curve Σ0 in X0 bounded by K ′0. The transverse
isotopy carrying K0 to K ′0 extends to a contact isotopy of (Y0, ξ0). We can use this
contact isotopy to push forward the ambient open book (B0, pi0) corresponding to
(F, P, ϕ̂0), allowing us to identify the boundary of Σ0 with K0 itself.
Using the Legendrian Realization Principle (see [Yam07] for this special case),
we can realize the homologically nontrivial curves γj as Legendrian knots Λj lying
on distinct pages Fθj in (Y0, ξ0) for increasing θj ∈ (pi, 2pi); here we scale θ so that
all nontrivial braiding occurs while θ lies in (0, pi). Performing surgery with the page
framing along each Λj corresponds to modifying the pointed open book by introducing
a positive Dehn twist along each γj in order of increasing θj. The result reproduces
the original pointed open book (F, P, ϕ̂). These surgeries can be realized by attaching
Stein 2-handles along the Legendrian knots Λj to produce a Stein filling X of (Y, ξ).
Moreover, since the handles are attached away from the boundary of Σ, the complex
structure near Σ is unchanged. It follows that Σ is a complex curve in X whose
boundary is the original link K in (Y, ξ), as desired.
Example 5.26. The lens space L(4, 1), equipped with its universally tight contact
structure, has two homotopy inequivalent Stein fillings. As discussed above, each
filling can be represented by an abstract open book for L(4, 1) whose monodromy
has an explicit factorization as a product of positive Dehn twists along homologically
nontrivial curves. Let us define fillings X1 and X2 using the planar open books
in Figure 5.2 with monodromy factorizations Da ◦ Db ◦ Dc ◦ Dd and Dx ◦ Dy ◦ Dz,
respectively. By the lantern relation in the mapping class group of the four-holed
sphere, these monodromy maps are isotopic, so we can view them as producing the
same embedded open book in L(4, 1).
Using the first presentation of the open book, let us define a 1-braid K by placing
a marked point in the center of the page so that it is cut off from the boundary
by the Dehn twist curves. This knot K is clearly Stein quasipositive and bounds
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Figure 5.2. Open books for L(4, 1) corresponding to distinct Stein fill-
ings.
a complex curve in X1 as argued in the proof of the theorem above. But there
can be no such curve in X2, since K can be shown to represent a nontrivial class
in H1(X2): First, we claim that K represents a generator of H1(L(4, 1)). This can
be seen by sliding the marked point across any one of the Dehn twist curves a,
b, c, or d, which introduces a push map winding the marked point once around a
boundary component. Using the handlebody decomposition of X2 determined by
the monodromy factorization, we see that H1(X2) is isomorphic to Z/2 and that the
inclusion-induced map H1(L(4, 1)) → H1(X2) is surjective. It follows that [K] is
nontrivial in H1(X2). Therefore K cannot bound a complex curve in X2.
We end this section with an example that demonstrates the failure of Theorem 1.5
for links in the boundary of a Stein domain that are merely quasipositive.
Example 5.27. Consider an annulus A with a single marked point p as depicted
in Figure 3.3. Letting Pδ denote the push map about the core circle through p, we
note that the pointed open book (A, {p}, Pδ) encodes a braid K in S1 × S2 with
respect to its trivial planar open book. This braid K represents a nontrivial element
in H1(S1 × S2). Since any Stein filling of S1×S2 is diffeomorphic to S1×B3 and
H2(S1×B3, ∂(S1×B3)) = 0, we see thatK cannot bound a surface in any Stein filling.
However, as depicted on the right side of Figure 3.3, K can also be represented by
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a pointed monodromy consisting of a pair of (oppositely-signed) Dehn twists and is
therefore quasipositive.
Chapter 6
Strongly quasipositive braids
Among all common families of links in S3, the strongly quasipositive braids defined by
Rudolph [Rud90] are perhaps the most intimately connected to contact geometry. For
example, Hedden [Hed10] showed that a fibered link in S3 is strongly quasipositive if
and only if its open book supports the tight contact structure on S3. These so-called
tight fibered knots include algebraic knots and all knots admitting lens space (or
even L-space) surgeries [Ni07, Hed10], and it is conjectured that tight fibered knots
are linearly independent in the concordance group [Bak16, Rud76]. More generally,
strongly quasipositive links achieve equality in the Bennequin and slice-Bennequin
bounds on Seifert and slice genera, and it is conjectured that they are the only links
for which the Bennequin bound is sharp.
A more elementary connection to contact geometry was established by Baader
and Ishikawa in [BI09]: the strongly quasipositive links are precisely those links that
bound Legendrian ribbons in (S3, ξst), where a Legendrian ribbon in a contact 3-
manifold (Y, ξ) is a surface R that retracts onto some Legendrian graph Λ ⊂ R under
a flow tangent to ξ ∩ TR. These surfaces may be of independent interest for their
role in Giroux’s correspondence [Gir02] and the fact that they minimize both Seifert
and slice genera in (S3, ξst). The main theorem of this chapter generalizes the result
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of Baader and Ishikawa to arbitrary contact 3-manifolds and compatible open books.
Theorem 6.1. A link in an open book is strongly quasipositive if and only if it bounds
a Legendrian ribbon in the associated contact structure.
The forward implication uses a version of Giroux flexibility for surfaces with trans-
verse boundary. The reverse implication follows an approach inspired by Baader and
Ishikawa, made possible by Gay and Licata’s development of Morse structures on
open books [GL]. As an immediate consequence of Theorem 6.1, we see that the con-
dition of strong quasipositivity is fundamentally contact-geometric and independent
of the choice of compatible open book.
Remark 6.2. After distributing a draft of this paper, I learned that Theorem 6.1 had
also been proven in a different manner by Baykur, Etnyre, Hedden, Kawamuro, and
Van Horn-Morris. Their proof, obtained independently, will appear in forthcoming
joint work.
We apply these ideas in several directions. First, we can use Legendrian ribbons
to obtain strong constraints on genera of surfaces bounded by strongly quasipositive
links. The most basic result in this direction, observed in [IK17, Hay17], is that
strongly quasipositive links achieve equality in the Bennequin-Eliashberg bound; see
§6.3.1. This is applied, for example, to study cables of strongly quasipositive knots
(in Corollary 6.21). In §6.3.4, we study the effect of braid operations on other notions
of quasipositivity using a more powerful constraint, one that generalizes a result due
to Rudolph for knots in S3: If (Y, ξ) has a symplectic filling X with vanishing second
homology, then a nontrivial strongly quasipositive knot in Y cannot bound a slice disk
in X.
Second, we can use Legendrian ribbons to certify that a given link can be rep-
resented by a strongly quasipositive braid. This is particularly useful for studying
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satellites, where a familiar procedure for producing Seifert surfaces of satellite knots
is compatible with Legendrian ribbons.
Theorem 6.3. If J ⊂ S1 × D2 is a strongly quasipositive braid and K ⊂ (Y, ξ)
is a strongly quasipositive link, then the satellite J(K) ⊂ (Y, ξ) is also a strongly
quasipositive link.
This approach can also be used to demonstrate the strong quasipositivity of suffi-
ciently twisted Whitehead doubles (Example 6.24) and of patterns and companions
of fibered strongly quasipositive knots in a tight contact manifold (Theorem 6.30 and
Corollary 6.31).
Third, motivated by the importance of tight fibered knots in S3, we can ask about
the relationship between strong quasipositivity and fiberedness for knots in a tight
contact manifold (Y, ξ). Theorem 6.1 implies that a fibered transverse knot is strongly
quasipositive with respect to any open book supporting the same contact structure;
see §6.3.3. It is illuminating to merge this observation with a result of Etnyre and
Van Horn-Morris:
Corollary 6.4 (cf. [Hed10, EVHM11]). Let K be a fibered link in a tight contact man-
ifold (Y, ξ) with zero Giroux torsion supported by an open book (B, pi). The following
are equivalent:
1. K is transversely isotopic to a strongly quasipositive braid with respect to (B, pi);
2. K bounds a Legendrian ribbon in (Y, ξ);
3. the contact structure ξK supported by K is isotopic to ξ;
4. K achieves equality in the Bennequin-Eliashberg bound.
Finally, Theorem 6.1 reveals the weakness of strong quasipositivity in an over-
twisted contact structure. Indeed, a result of Baader, Cieliebak, and Vogel says that
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every nullhomologous link type in an overtwisted contact structure bounds a Legen-
drian ribbon.
Corollary 6.5 (cf. [BCV09]). In an overtwisted contact structure, every nullhomol-
ogous link type is strongly quasipositive. 
This corollary serves as a dramatic demonstration of the principle that strong
quasipositivity is fundamentally contact-geometric.
6.1 Preliminaries
6.1.1 Morse structures on open books
Here we collect the necessary definitions and results from Gay and Licata’s study of
Morse structures on open books; all material in this subsection is drawn from [GL].
Define a contact 3-manifold (W0, ξ0 = kerα0) by
W0 = (0,∞)× S1 × S1, α0 = dz + x dy,
where x, y, z are coordinates on the three factors of W .
Theorem 6.6 (Gay-Licata). Let Y be a closed 3-manifold with open book (B, pi).
Then there is a contact structure ξ on Y compatible with the open book and a 2-
complex Skel ⊂ Y \ B such that every connected component of (Y \ (Skel ∪ B), ξ)
is contactomorphic to (W0, ξ0).
Under the contactomorphism in Theorem 6.6, we can identify the boundary of a
neighborhood of each component of B with {1}×S1×S1. The contactomorphism is
constructed using the flow of a certain vector field V on Y \B; see [GL, Definition 1.2]
for details. For our purposes, it suffices to note that the restriction of V to each
page Fθ is a vector field Vθ that has a single source, no sinks, and is tangent to the
characteristic foliation.
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The skeleton Skel ⊂ Y \ B is the union over all pages of the descending mani-
folds of the index-1 singularities of Vθ, together with the index-0 singularity on each
page. The co-skeleton, denoted Coskel, is the union over all pages of the ascending
manifolds of the index-1 singularities. The 2-complex Coskel intersects the bound-
ary qnS1 × S1 of a regular neighborhood of the binding B in a trivalent graph T ,
and the isotopy type of this graph determines the original open book (Y,B, pi) up
to diffeomorphism. This collection of decorated tori is called a Morse diagram for
(Y,B, pi).
Morse diagrams can also be considered abstractly: An abstract Morse diagram is
a collection of tori qnS1 × S1 with a finite trivalent graph T such that
(i) the edges of T are monotonic with respect to the second S1 factor;
(ii) for each fixed value c of the second factor, there is a pairing on curves intersecting
qnS1 × {c}, and the pairing is constant away from vertices;
(iii) surgery on qnS1 × {c} with attaching spheres given by paired points on the
curves yields a single S1; and
(iv) trivalent points occur in pairs on the same slice qnS1×{c}. As t→ c−, a curve
labeled x approaches a curve labeled y from the left (respectively, right), while
as t→ c+, a curve labeled x approaches the other y-curve from the right (left).
Example 6.7. Three abstract Morse diagrams are shown in Figure 6.1, adapted
from [GL, Figure 1] to illustrate the difference in our conventions: (a) An annular
open book whose monodromy consists of two right-handed Dehn twists about the
core curve, yielding the lens space L(2, 1) with its universally tight contact structure.
(b) An open book with once-punctured torus page and monodromy consisting of a
left-handed Dehn twist along a nonseparating curve and a right-handed Dehn twist
along boundary-parallel curve. (c) An annular open book whose monodromy is a
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Figure 6.1. Abstract Morse diagrams from Example 6.7.
single left-handed Dehn twist about the core curve, yielding an overtwisted contact
structure on S3.
6.1.2 Front projections
The identification of the connected components of Y \(Skel∪B) withW0 ∼= (0,∞)×
S1 × S1 allows us to define a front projection
pr : Y \ (Skel ∪B)→ qnS1 × S1.
Here we view each torus in qnS1 × S1 as {1} × S1 × S1, the boundary of a regular
neighborhood of a binding component.
A generic smooth knot K in Y will avoid the binding B and intersect the 2-
complex Skel transversely. We can assume that the image of the knot under the
projection map to the collection of tori is an immersion with transverse double points,
forming the starting point for a knot diagram. The key difference is that the image
will generally consist of immersed arcs whose endpoints lie on the trivalent graph T
inside the Morse diagram. The endpoints of these arcs correspond to intersections
of K with Skel. When the knot K is Legendrian (i.e. when TK lies inside ξ), the
resulting knot diagram exhibits many of the same features as Legendrian fronts in
(R3, ξst). See Figure 6.2 for examples.
Definition 6.8. A front on a Morse diagram (qnS1 × S1, T ) is a collection of arcs
and closed curves D immersed, with semicubical cusps, in qnS1 × S1, satisfying the
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Figure 6.2. Legendrian fronts in Morse diagrams.
following properties:
(i) The slopes at all interior points on D are negative (using coordinates (θ, z) on
S1 × S1 and measuring slope as dz/dθ).
(ii) The endpoints of arcs of D lie on the interiors of curves of T and have slope 0.
(iii) Suppose that e and e′ are two edges of T with the same label. For every arc
of D ending on e at height t, approaching e from the left (respectively, right),
there is an arc of D ending on e′ at height t, approaching e′ from the right (left).
The following theorem says that we can use front projections in Morse diagrams
in much the same manner as front projections in (R3, ξst).
Theorem 6.9 (Gay-Licata). Let Λ be a Legendrian link in (Y, ξ) that is disjoint from
the binding and transverse to Skel. Then the image of Λ under the flow by ±V to
qnS1 × S1 is a front on the Morse diagram. Furthermore, any front on this Morse
diagram is the image of such a Legendrian Λ, and any two Legendrians with the same
front are equal.
Gay and Licata also provide a set of diagram moves for Legendrian fronts and
prove an analogue of Reidemeister’s theorem. The preceding definition and theorem
extend naturally to allow for front projections of Legendrian graphs, embedded spatial
graphs whose edges are tangent to the contact planes. The set of Reidemeister moves
for Legendrian graphs in (R3, ξst) from [BI09] also extends in the obvious way. In
addition to these Reidemeister moves, we also wish to consider subdivision of the
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edges of a Legendrian graph, which consists of placing a new vertex along an existing
edge.
6.1.3 Legendrian ribbons
As discussed in this chapter’s introduction, we define a Legendrian ribbon of a Leg-
endrian graph Λ in (Y, ξ) to be a smoothly embedded surface R ⊂ Y with transverse
boundary such that
1. Λ is in the interior of R and R retracts onto Λ under a flow tangent to ξ|R,
2. for each p ∈ Λ, the 2-plane ξp is tangent to R, and
3. for each p ∈ R \ Λ, the 2-plane ξp is transverse to R.
In (R3, ξst), there is a standard recipe for building a Legendrian ribbon using front
diagrams. One begins by replacing the cusps and vertices of the diagram with ribbon
neighborhoods as depicted on the left half of Figure 6.3. Away from these cusps and
vertices, we extend the ribbon in such a way that it undergoes one half-twist along
each segment that contains no cusps or vertices. For a thorough justification of these
steps, see [Avd13, Algorithm 2]. Ambiently, we can understand the presence of the
half-twist as follows: First, construct a band by pushing the arc off itself along the
±∂/∂y directions. The front projection of this band is degenerate and will have the
same image as the arc itself. Thus, to ensure that the band can glue to the local
ribbon neighborhoods of the cusps/vertices at its ends, we apply a quarter-twist to
each end of the band. These combine to form a single half-twist as depicted.
When considering Legendrian fronts in a Morse diagram, the procedure for pro-
ducing front projections of Legendrian ribbons is nearly identical. Suppose that
Λ ⊂ (Y, ξ) is a Legendrian graph with front projection D(Λ) inside an associated
Morse diagram (qnS1 × S1, T ). We can assume that all cusps and vertices of D(Λ)
occur away from T , so the local moves from Figure 6.3 generalize in the obvious way.
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Figure 6.3. Building a ribbon from a Legendrian front.
Again we extend the ribbon over each cusp-/vertex-free segment of the diagram, in-
troducing a single half-twist along each such segment. This choice is justified just as
in the standard setting; now we are pushing the arc off itself using the vector field V
instead of ∂/∂y. For visual clarity, we can assume the twist occurs away from T as
shown in Figure 6.3.
It is easy to check that subdivision of edges preserves the isotopy type of the
Legendrian ribbon and the transverse isotopy type of its boundary.
6.2 From Bennequin surfaces to Legendrian
ribbons and back
Our goal in this section is to prove the main theorem, which draws an equivalence
between strongly quasipositive links in an open book and links bounding Legendrian
ribbons in a compatible contact structure. To do so, make use of a special type of
Seifert surface: A Bennequin surface for a braid in an open book (F, ϕ) is a Seifert
surface formed from disks and half-twisted bands, where the disks are meridional for
the binding and each band is attached along an embedded arc α lying in a single
page Fθ; Figure 6.4 depicts an example where the page is a half-plane. The band has
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Figure 6.4. Building a Bennequin surface along a core arc α in a page
Fθ.
exactly one point where it is tangent to the page Fθ, and we say the band is positive or
negative according to whether the orientation of the Seifert surface agrees or disagrees,
respectively, with the orientation of the page at this tangency. Equivalently, we can
define Bennequin surfaces in terms of their open book foliations, which consist only
of aa-tiles; see the definitions and background in [IK17].
Observation 6.10. A braid in an open book is strongly quasipositive if it bounds a
Bennequin surface with only positive bands.
This perspective on strong quasipositivity will be more useful than the description
in Definition 3.8 using the pointed monodromy.
6.2.1 From Bennequin surfaces to Legendrian ribbons
We begin by showing that every strongly quasipositive transverse link in an open
book bounds a Legendrian ribbon. Though this observation was included in [Hay17],
we reprove it here for convenience. The following criterion helps us identify when a
Seifert surface is isotopic to a Legendrian ribbon.
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Lemma 6.11 (Ribbon flexibility). A transverse link is the boundary of a Legendrian
ribbon if and only if it has a Seifert surface whose characteristic foliation is Morse-
Smale and contains no negative singularities or attracting closed leaves.
Proof. First, suppose that R is a Legendrian ribbon in (Y, ξ). After a small pertur-
bation, we can assume that the characteristic foliation on R is Morse-Smale, contains
no closed leaves, and has a positive elliptic point at each vertex and a single positive
hyperbolic point along each edge, as claimed.
Conversely, suppose that K is a transverse link with a Seifert surface S whose
characteristic foliation is Morse-Smale and contains no attracting closed leaves or
negative singularities. We may eliminate any repelling closed leaf ` of the character-
istic foliation by introducing a positive elliptic-hyperbolic pair along ` as in Figure 6.5;
see Lemma 2.3 of [EF09]. Now let Γ be the Legendrian graph obtained as (the closure
of) the union of the hyperbolic points’ stable manifolds, and let S+ denote a small
neighborhood of Γ in S. By the Morse-Smale condition and the fact that there are
no negative singularities or closed leaves, the subsurface S \ S+ is a collection of an-
nuli whose characteristic foliation consists of parallel arcs running from ∂S to ∂S+.
Therefore the characteristic foliation on S is divided by a set of core curves for these
annuli, one parallel to each boundary component of S. As in [EVHM11, Lemma 2.1],
we can construct a contact vector field transverse to S with this dividing set. It is
easy to see that there is another singular foliation F ′ on S that is conjugate to the
characteristic foliation on a Legendrian ribbon of Γ and agrees with the character-
istic foliation on S outside of S+. The dividing set constructed above also divides
the singular foliation F ′. An appropriate version of Giroux’s flexibility theorem (see
[EVHM11, Theorem 2.2]) now says that we can isotope S rel boundary so that its
characteristic foliation agrees with F ′. It follows that there is an isotopy carrying S
to a Legendrian ribbon, and this isotopy preserves the transverse isotopy type of the
boundary.
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` `
Figure 6.5. Creation of an elliptic-hyperbolic pair in the characteristic
foliation.
Proposition 6.12. A Bennequin surface with only positive bands in an open book
is isotopic to a Legendrian ribbon with respect to the compatible contact structure.
Moreover, the isotopy restricts to transverse isotopy along the boundary.
Proof. The open book foliation on the Bennequin surface consists of positive aa-tiles.
By Theorem 2.21 of [IK14], we can isotope ξ so that the characteristic foliation and
open book foliation are conjugate. The claim now follows from the lemma above.
6.2.2 From Legendrian ribbons to Bennequin surfaces
To complete the proof of Theorem 6.1, we establish the following converse to Propo-
sition 6.12:
Proposition 6.13. A Legendrian ribbon in (Y, ξ) can be isotoped to a Bennequin
surface with only positive bands with respect to any compatible open book. Moreover,
the isotopy restricts to transverse isotopy along the boundary.
We will show that any Legendrian graph in an open book can be arranged in a
position analogous to the familiar “arc presentations” of knots and links in R3; see the
survey [Cro98]. When the graph is arranged in this manner, its Legendrian ribbon
is naturally isotopic to a Bennequin surface. We first illustrate the strategy with an
example.
Example 6.14. The set of diagrams in Figure 6.6 above depicts the construction of
a special Legendrian ribbon for the Legendrian knot from the middle of Figure 6.2.
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Figure 6.6. Arranging a Legendrian graph so that its ribbon is nearly a
Bennequin surface.
In the first step, vertices are added at the cusps and at some intermediate points. As
a result, the middle diagram consists of segments that are almost horizontal near ver-
tices and nearly vertical elsewhere. The resulting front projection for the Legendrian
ribbon consists of disks joined by positively twisted bands with braided boundary.
The back of each disk consists of a negatively braided segment that can be made pos-
itively braided by a transverse isotopy that pushes the segment through the binding.
We define an arc presentation of a graph G in an open book (B, pi) to be an
embedding of G in a finite collection of pages such that all vertices lie on the binding
and every edge is a single simple arc in a page Fθ = pi−1(θ). Given a Morse structure
on (B, pi), we can assume that G is transverse to Skel. Consider the front projection
of G. Each edge projects to a union of disjoint arcs w = ∪iwi in (qnS1×S1, T ) such
that all points in w have the same θ-coordinate and all but two points in ∂w lie on T .
The points in ∂w that lie on T can be paired as in condition (iii) of Definition 6.8.
We call such a union of arcs w a wire in the Morse diagram, and we refer to the two
points in ∂w \ T as the ends of the wire. We refer to the front projection of G, i.e.
the collection of wires, as an arc diagram for G.
Though an arc diagram does not satisfy conditions (i) and (ii) of Definition 6.8,
we can modify it so that it does correspond to the front projection of a Legendrian
graph: For sufficiently small  > 0, we can use a small isotopy of qnS1 × S1 that
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preserves each S1 × {z} to approximate any wire w by a union w′ of arcs such that
the slope at any point lies in [−∞, 0] and is
1. infinite at the points of ∂w ∩ T ,
2. zero at the ends of the wire, and
3. equal to −1/ away from ∂w.
We call this a cusped arc diagram, and we continue to refer to the unions of arcs as
“wires”. By (the proof) of Theorem 6.9, each wire in the cusped arc diagram lifts
to a Legendrian arc in (Y, ξ) with its endpoints on the binding B. Since every arc
diagram determines a cusped arc diagram that is unique up to isotopy through cusped
arc diagrams, applying Theorem 6.9 yields the following:
Proposition 6.15. Every arc diagram in an abstract Morse diagram for an open
book decomposition (B, pi) for (Y, ξ) determines a Legendrian graph, unique up to
Legendrian isotopy of the edges. 
If the front projection of a Legendrian graph is a cusped arc diagram, then we say
that the Legendrian graph is in cusped arc position with respect to the open book
and Morse structure.
Proposition 6.16. After subdivision of edges, every Legendrian graph in (B, pi) can
be isotoped to lie in cusped arc position.
Proof. By an isotopy through Legendrian graphs, we may assume that the vertices
of our graph Λ lie on the binding B and that the front projection D(Λ) is a generic
front satisfying (i)-(iii) of Definition 6.8, with the exception that there is a collection
of open or half-open arcs in D(Λ) whose slope approaches zero; these correspond to
where the edges approach the vertices on the binding. Note that the vertices of Λ are
no longer visible in the front projection.
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Define a slanted rectangular graph in S1 × S1 to be an embedded graph whose
edges all have slope − or −1/ for a small value  > 0. Note that a vertex in such
a graph has valence at most four. We say that a valence-two vertex is a cusp if the
incident edges form an acute angle. Choose a slanted rectangular approximation G
to the Legendrian front D(Λ) such that
1. the cusps of G and D(Λ) agree,
2. the intersections G ∩ T and D(Λ) ∩ T agree, and
3. edges of G meet T with slope −1/.
By smoothing the non-cusp vertices of valence two in G and perturbing G near
valence-one vertices on T so that the incoming edge has infinite slope, we obtain
a front for a Legendrian graph ΛG. Up to subdivision, the Legendrian graphs Λ and
ΛG are isotopic. By subdividing each edge of slope − in G and contracting towards
the binding, we obtain a cusped arc diagram whose lift is equivalent to Λ.
Note that, as a special case, we obtain a generalization of the classical fact that
every link in S3 admits an arc presentation with respect to the standard open book.
Corollary 6.17. Every link in an open book admits an arc presentation. 
The claimed connection between Legendrian ribbons and positive Bennequin sur-
faces follows easily from this setup.
Proof of Proposition 6.13. Let R be a Legendrian ribbon of the Legendrian graph Λ.
By Proposition 6.16, we can place Λ in cusped arc position after subdividing edges.
Subdivision of edges and isotopy of Legendrian graphs not only preserve the smooth
isotopy type of R but also the transverse isotopy type of its boundary.
Now perturb Λ slightly so that it once again misses the binding. Away from the
binding, the edges of Λ still have vanishingly small θ-support. In the front projection,
every vertex v has a neighborhood as depicted in Figure 6.7; of course, the number and
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Figure 6.7. Forming the Legendrian ribbon near a vertex, followed by
transverse isotopy of the boundary.
configuration of edges at v will vary. As in that figure, we form the front projection
of the Legendrian ribbon R, placing a single half-twist along each downward edge as
shown. Away from these neighborhoods, the edges and ribbon are nearly vertical.
By a slight isotopy of the surface induced by a transverse isotopy of the boundary,
we can arrange so that almost all of ∂R is (positively) braided. This is indicated
in the second step of Figure 6.7. The only non-braided portions of ∂R are the arcs
that wind around the back of the disk at each vertex. We braid each such arc by
using a transverse isotopy to push it back across the binding. The ribbon R is now a
Bennequin surface with positively twisted bands, as desired.
6.3 Applications
6.3.1 Genus bounds
The majority of our applications will invoke some constraint on the topology of a
surface bounded by a strongly quasipositive knot, so we begin by collecting these con-
straints. Most fundamentally, we have the Bennequin-Eliashberg inequality [Ben83,
Eli92]: If L is a nullhomologous transverse link in a tight contact 3-manifold with
Seifert surface Σ, then the self-linking number of L satisfies
sl(L, [Σ]) ≤ −χ(Σ). (6.1)
As mentioned in the introduction to this chapter, it has been conjectured that
strongly quasipositive braids are the only braids for which the Bennequin-Eliashberg
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bound is sharp; see [IK17].
Conjecture 6.18. A transverse link K in a tight contact 3-manifold (Y, ξ) achieves
sharpness in the Bennequin-Eliashberg bound if and only if K is strongly quasipositive.
In light of Theorem 6.1, this conjecture is equivalent to showing that L achieves
equality in (6.1) with respect to a given relative homology class if and only if that
relative homology class contains a Legendrian ribbon. The reverse implication is
a simple consequence of the definition of the transverse self-linking number, so (as
observed in [Hay17, IK17]) the Bennequin-Eliashberg inequality is indeed sharp for a
strongly quasipositive transverse link.
If (Y, ξ) has a symplectic filling (X,ω), then Legendrian ribbons can also be used
to understand the minimal genus of properly embedded “slice” surfaces in X with
boundary L ⊂ Y . To this end, recall the relative version of the Symplectic Thom
Conjecture [GK16]: If Σ is a symplectic surface in (X,ω) such that ∂Σ is a transverse
link in (Y, ξ), then Σ is genus-minimizing in its relative homology class. We can
apply this to a Legendrian ribbon by pushing its interior into a collar neighborhood
of X to produce a properly embedded symplectic surface (by, for example, combining
Lemma 5.1 and Example 4.3 of [Hay17]).
Proposition 6.19. Let (X,ω) be a convex symplectic filling of (Y, ξ). If R is a
Legendrian ribbon in Y with transverse boundary L, then R is genus-minimizing in
its relative homology class in H2(X,L). 
In particular, if X has vanishing second homology, then a nontrivial strongly
quasipositive knot in Y cannot bound a slice disk in X. This generalizes a result of
Rudolph [Rud93] for strongly quasipositive links in S3.
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6.3.2 Strongly quasipositive satellites
We begin by proving Theorem 6.3, which says that if J ⊂ S1 × D2 is a strongly
quasipositive braid and K ⊂ (Y, ξ) is a strongly quasipositive transverse link, then
the transverse satellite J(K) ⊂ (Y, ξ) is also a strongly quasipositive transverse link.
Proof of Theorem 6.3. Fix a Legendrian ribbon R bounded by K in (Y, ξ). The
satellite is constructed using a contactomorphism between neighborhoods V = N(U)
and N(K), where U can be taken to be the standard transverse 1-braid bounding
a disk D perpendicular to the z-axis in R3 with its rotationally symmetric contact
structure. Moreover, we can assume that the contactomorphism carries D ∩N(U) to
R ∩N(K).
Choose a Bennequin surface F for J constructed from n parallel copies of D joined
by positively twisted bands as in Figure 6.8. Letting F0 denote F∩N(U), we note that
the embedding F0 ⊂ N(U) ↪→ N(K) respects the characteristic foliation. We can
take a Reeb vector field for ξ that is normal to R and use it to obtain n parallel copies
of R, which we denote R′. We can then glue R′ to the copy of F0 in N(K) to obtain
a Seifert surface for J(K). The characteristic foliation this surface can be taken to
satisfy the hypotheses of the ribbon flexibility lemma (Lemma 6.11), so we conclude
that J(K) bounds a Legendrian ribbon and is therefore strongly quasipositive.
Remark 6.20. The argument above extends to the case where J is not necessarily a
strongly quasipositive braid in V but rather a strongly quasipositive link embedded
Figure 6.8. Taking a satellite whose pattern is a strongly quasipositive
braid.
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in V so that it bounds a “relative” Legendrian ribbon. More precisely, we need only
require that J cobound a surface F0 with some number of transverse longitudes in
∂V such that the characteristic foliation on F0 is Morse-Smale, contains no negative
singularities or attracting closed leaves, and points outward along J and inward along
the longitudes comprising ∂F0 ∩ V .
We can use Theorem 6.3 and the Bennequin-Eliashberg inequality to determine
which cables of strongly quasipositive links are strongly quasipositive.
Corollary 6.21. Let K ⊂ (Y, ξ) be a strongly quasipositive transverse link and let
(p, q) be a pair of integers with p ≥ 1. The transverse (p, q)-cable of K is strongly
quasipositive if and only if q is non-negative.
Proof. Denote the (p, q)-cable of K by K(p,q). We can construct a Seifert surface S
for K(p,q) as in the proof of Theorem 6.3, where the bands may be negatively twisted
if q is negative. By [Sch53, §21, Satz 1], this is a minimal genus Seifert surface for
K(p,q). When q is non-negative, the pattern T(p,q) is a strongly quasipositive braid, so
K(p,q) is strongly quasipositive by Theorem 6.3. In particular, the self-linking number
of K(p,q) is −χ(S). On the other hand, if q is negative, then the maximal Euler
characteristic for K(p,q) is unchanged but the self-linking number is decreased. It
follows that the Bennequin-Eliashberg bound fails to be sharp, so K(p,q) cannot be
strongly quasipositive if q is negative.
Remark 6.22. The above corollary generalizes a result of Hedden [Hed10, Corol-
lary 1.3] that determines the strong quasipositivity of certain iterated torus knots in
S3.
The next two examples produce strongly quasipositive links using satellites whose
patterns already bound Legendrian ribbons in S1 × D2, generalizing constructions
due to Rudolph [Rud84, Rud93].
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Example 6.23 (Quasipositive annuli). Given a Legendrian knot Λ in (Y, ξ), its Leg-
endrian ribbon is an annulus whose boundary is a strongly quasipositive transverse
link. Following Rudolph, we refer to such a surface as a quasipositive annulus.
Example 6.24 (Whitehead doubles). With Λ still denoting a Legendrian knot and
RΛ its ribbon, we can plumb together RΛ with the ribbon of a small Legendrian
unknot U with maximal Thurston-Bennequin number tb(U) = −1. The boundary
of the resulting ribbon is a twisted Whitehead double of Λ, where the twisting is
determined by the contact framing. In particular, if Λ is nullhomologous, then we
have constructed the tb(Λ)-twisted Whitehead double of Λ.
As evidenced by Examples 6.23 and 6.24, the companion to a strongly quasiposi-
tive satellite knot is not necessarily strongly quasipositive.
Example 6.25 (Cables of rational bindings). For a different flavor of example, we
can consider a rationally nullhomologous knot K ⊂ Y whose complement fibers over
the circle — that is, K is the binding of a rational open book. Since K is nontrivial
in H1(Y ;Z), it cannot be strongly quasipositive with respect to any (integral) open
book. On the other hand, K has positive cables that are genuinely fibered and
support the same contact structure; see [BEVHM12]. It follows that these cables can
be represented by strongly quasipositive braids with respect to the open books they
define.
On the other hand, all of the above examples of strongly quasipositive satellite
knots have strongly quasipositive patterns. This motivates the following question:
Question 6.26. If a satellite knot J(K) is strongly quasipositive with respect to a
tight contact manifold (Y, ξ), then must the pattern knot J be strongly quasipositive
in (S3, ξst)?
We address a special case of this question further below in §6.3.3.
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6.3.3 Strongly quasipositive fibered links
We can address special cases of Conjecture 6.18 and Question 6.26 for fibered links.
First, note that the characteristic foliation on a page of an open book can be assumed
to be Morse-Smale with no closed leaves and only positive singularities. Applying
Lemma 6.11 and Theorem 6.1, it follows that the binding of an open book is always
transversely isotopic to a strongly quasipositive braid with respect to any open book
supporting the same contact structure. The statement of Corollary 6.4 given in the
introduction to the chapter now follows from a result of Etnyre and Van Horn-Morris:
Theorem 6.27 ([EVHM11]). Let K be a fibered link in a tight contact manifold (Y, ξ)
with zero Giroux torsion. Then the contact structure ξK supported by K is isotopic
to ξ if and only if K achieves equality in the Bennequin bound.
We can apply these ideas to [IK17, Examples 5.6-5.7]. Here, Ito and Kawamuro
observe that any (N, 1)-cable K(N,1) of the binding K of an open book can be re-
alized by a one-stranded braid that achieves Bennequin’s bound but is not strongly
quasipositive as a braid. As they remark, this does not contradict Conjecture 6.18
because K(N,1) may become strongly quasipositive after transverse isotopy. Indeed,
Theorem 6.1 and Corollary 6.21 imply thatK(N,1) is transversely isotopic to a strongly
quasipositive braid with respect to the original open book.
We now address a special case of Question 6.26. Before stating the result, we
recall that an oriented link J in the solid torus V is said to be fibered in the solid
torus if its exterior fibers over S1 in such a way that the boundary of each fiber F
consists of a single longitude on ∂N(J) and some number of longitudes on ∂V . This
fibration constitutes a relative open book decomposition of the solid torus as defined
in [VHM07] (see also [BEVHM12]). We say that a contact structure ξ is compatible
with the relative open book if there is a contact form α for ξ such that J is a positively
transverse link, dα is a positive area form on each page of the relative open book,
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and the characteristic foliation of ξ on ∂V agrees with the foliation defined by the
boundaries of the fibers. However, it is convenient to relax the boundary condition
and demand only that the characteristic foliation on ∂V be linear and that the Reeb
vector field for α preserve ∂V and be positively transverse to both the characteristic
foliation and the foliation induced by the fibers. It is easy to see that if ξ and ξ′ are
contact structures compatible with a relative open book decomposition of the solid
torus in the strict and relaxed sense, respectively, then ξ is tight if and only if ξ′ is
tight.
Definition 6.28. A link J in the solid torus V = S1×D2 is tight fibered in the solid
torus if (V, J) is fibered and the associated relative open book for V supports a tight
contact structure.
Lemma 6.29. A tight fibered link in the solid torus is a tight fibered link in S3.
Proof. Let (J, pi) denote a the relative open book supporting a tight contact structure
ξ on the solid torus V . We can produce an open book (J, pi′) for S3 with binding J
by capping off each fiber pi−1(θ) with disks attached along pi−1(θ) ∩ ∂V . These disks
sweep out a complementary solid torusW to V in S3. We can equipW with a contact
structure in the obvious way so that it glues together with (V, ξ) to produce a contact
structure ξ′ on S3 supported by the open book (J, pi′); see [VHM07, Proposition 3.0.7].
For the sake of contradiction, suppose that ξ′ is overtwisted. Let U denote the
braided transverse unknot in (J, pi′) that forms the core of W . By [Etn13, Corollary
2.3], the complement of any transverse unknot in an overtwisted contact structure
contains an overtwisted disk. (That is, all transverse unknots in an overtwisted con-
tact manifold are “loose”.) It follows that there is an overtwisted disk in the exterior
of some smaller standard neighborhood of U . But the contact structure on the ex-
terior of any such neighborhood of U can also be realized as a contact structure on
V supported by (J, pi). This contradicts the hypothesis that J is tight fibered in the
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solid torus, so we conclude that ξ′ is in fact tight, i.e. J is tight fibered in S3.
We now show that the answer to Question 6.26 is yes for fibered satellite knots in
a tight contact structure. In fact, we can say more:
Theorem 6.30. If J(K) is a fibered satellite knot in Y supporting a tight contact
structure, then the pattern J ⊂ V is a tight fibered knot in the solid torus (and in
S3) and the companion K ⊂ Y is a rationally fibered knot, where the interior of the
rational fiber surface is an open Legendrian ribbon.
Proof. We begin by mirroring an argument from [EN85, §1.4] and [FLP12, Exposé 14].
The incompressible torus T = ∂N(K) in the exterior of J(K) can be isotoped so that
it meets the pages of the open book transversely. Let F denote a fixed page. Using a
flow on the exterior of J(K) that preserves T , we can find a monodromy representative
ϕ : F → F that fixes (setwise) the collection of homotopically nontrivial curves
Γ = T ∩ F . Since T separates Y , the curves Γ separate F into subsurfaces F1 and
F2. Here we take F1 to be the connected subsurface containing ∂F and F2 to be the
(possibly disconnected) subsurface in the interior of F . The monodromy must fix
each of F1 and F2 setwise; we denote by ϕ1 and ϕ2 the restriction of ϕ to F1 and
F2, respectively. For suitable choices in the Thurston-Winkelnkemper construction
(including choosing a 1-form β on F that is ϕ-invariant near Γ), we can find a contact
form α compatible with (F, ϕ) such that the characteristic foliation on each page is
transverse to Γ and points out of the subsurface F2. (This would no longer be possible
if there were connected components of F1 that did not meet ∂F .) We can also assume
that the Reeb vector field preserves T and is positively transverse to the foliations on
T induced by the contact structure and by the pages of the open book.
The desired conclusions now follow easily from this setup: First, we see that
(F1, ϕ1) is an abstract relative open book for the solid torus N(K) ∼= V with binding
J ⊂ V . By construction, (F1, ϕ1) supports the contact structure obtained by restrict-
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ing α, which must be tight because α defines a tight contact structure on Y . By
Lemma 6.29, it follows that J is a tight fibered knot when viewed in S3. Second, we
have exhibited the exterior of K in Y as a mapping torus of ϕ2 : F2 → F2, and the
characteristic foliation on each fiber can be assumed to satisfy Lemma 6.11.
Restricting our attention to knots in S3, we obtain:
Corollary 6.31. If the satellite knot J(K) in S3 is a fibered strongly quasipositive
knot, then both the pattern J and companion K are fibered strongly quasipositive knots.
Proof. The first part of the statement follows from Theorem 6.30 and Hedden’s char-
acterization of tight fibered knots in S3 as fibered strongly quasipositive knots [Hed10,
Proposition 2.1]. As for the companion knot, we recall that any rationally fibered knot
K in S3 must in fact be genuinely fibered. Moreover, each rational fiber is a disjoint
union of genuine fiber surfaces. Choosing any individual connected component of the
rational fiber surface for K guaranteed by Theorem 6.30, we obtain a Seifert surface
for a push-off transversely isotopic to K that is isotopic to a Legendrian ribbon. It
follows that K is a strongly quasipositive fibered knot.
Remark 6.32. See [Dia] for more discussion of braided satellites and quasipositivity.
6.3.4 Braid operations and quasipositivity
Our final application of these ideas concerns Stein quasipositive braids in a Stein-
fillable open book.
By the transverse Markov theorem ([Pav08]), any transverse isotopy between
transverse braids in an open book can be realized by a sequence of positive Markov
stabilizations and destabilizations; see Figure 6.9 for a local depiction of a positive
Markov stabilization. As observed in previous chapters, it follows immediately from
definitions that positive Markov stabilization preserves Stein quasipositivity at the
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level of braid isotopy. However, destabilization is more subtle. In the classical case,
we have:
Theorem 6.33 (Orevkov [Ore00]). Positive Markov destabilization preserves quasi-
positivity for braids in the open book (D2, id) for S3.
It follows that if K and K ′ are transversely isotopic braids in (D2, id), then K is
a Stein quasipositive braid if and only if K ′ is a Stein quasipositive braid. However,
this fails to be true even in the next-simplest cases:
Proposition 6.34. If (F, ϕ) is a Stein-fillable open book for Y = #kS1 × S2 where
F 6= D2 has connected boundary, then positive Markov destabilization fails to preserve
Stein quasipositivity of braids.
Proof. The binding K = ∂F is transversely isotopic to a 1-braid with respect to
(F, ϕ), viewed as a (1,1)-cable of K with respect to the framing determined by the
fiber F . It suffices to show that this braid is not Stein quasipositive but becomes so
after some number of positive stabilizations.
For the latter claim, we note that any strongly quasipositive braid with respect
to a Stein-fillable open book is necessarily Stein quasipositive. As discussed above,
the binding of an open book admits a strongly quasipositive braid representative
with respect to the open book itself, so we know that K has a Stein quasipositive
braid representative with respect to the Stein-fillable open book (F, ϕ). By the trans-
K
B
K ′
B
Figure 6.9. A local depiction of positive Markov stabilization near the
binding B.
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verse Markov theorem, the 1-braid and this Stein quasipositive braid have a common
positive Markov stabilization. Since any positive Markov stabilization of a Stein
quasipositive braid is again Stein quasipositive, we see that the 1-braid itself becomes
Stein quasipositive after some number of positive Markov stabilizations.
To conclude the proof, we suppose for the sake of contradiction that the 1-braid
representative of K is indeed Stein quasipositive. If the monodromy ϕ is the identity,
then a Stein quasipositive 1-braid must necessarily bound an embedded disk D in
(F, id). Since (F, id) naturally arises as the boundary of a subcritical Stein domain
X0, we can push we can the interior of D into a collar neighborhood of X0. Otherwise,
ϕ consists of positive Dehn twists performed along homologically nontrivial simple
closed curves in F . These correspond to modifying (F, id) by performing Dehn surgery
along Legendrian curves in F with framing −1 relative to the page framing. These
surgeries can be viewed as the result of attaching Stein 2-handles to X0 to produce
Y with the open book (F, ϕ). Since the 2-handles are attached away from the 1-
braid and thus away from D, we obtain a disk in a Stein filling X of Y bounded by
the original 1-braid. But this leads to a contradiction of Proposition 6.19 (and the
observation that follows it): Any Stein filling X of Y = #kS1 × S2 is diffeomorphic
to \kS1×B3 (see, e.g., [CE12]), which has vanishing second homology. It follows that
a nontrivial strongly quasipositive knot in (Y, ξ) cannot bound a slice disk in X, so
we conclude that the 1-braid representative of K cannot be Stein quasipositive.
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